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PREFACE 


interest in mathematics is unquestionably in- 
1 creasing. Perhaps this is because of the fact that mathe¬ 
matics is a tool without which the applied sciences would cease to 
be sciences. On the other hand, the abstract aspect of mathe¬ 
matics is beginning to attract a large following of people who, 
weary of the complexities of the human equation in everyday 
activities, turn in their leisure to the simplicities of the mathe¬ 
matical equation. It is for these people that this book is written. 
Indeed, only two things arc required of the prospective reader— 
an elementary training in mathematics, and an interest in matters 
mathematical. These two prerequisites are sufficient for an 
understanding of the first nine chapters of the book. The tenth— 

and last—chapter is specifically designed for the reader with more 
technical equipment. 

Of all the problems dealt with in mathematics, paradoxes are 
among the most appealing and instructive. The appeal of a 
paradox is difficult to analyse in a word or two, but it probably 
arises from the fact that a contradiction comes as a complete sur¬ 
prise in what is generally thought of as the only “ exact ” science. 
And a paradox is always instructive, for to unravel the trouble¬ 
some line of reasoning requires a close scrutiny of the fundamental 
principles involved. In the light of these arguments it has seemed 
worth while to bring out a book devoted exclusively to some of the 

paradoxes which mathematicians, both amateur and professional, 
have found disconcerting. 

The material for this book has been gathered from a wide 
variety of sources. Some of it has naturally appeared in other 
popular expositions of mathematics—such works as Ball’s 
Mathematical Recreations and Essays , Steinhaus’ Mathematical Snap¬ 
shots, and Kasncr and Newman’s Mathematics and the Imagination, 
to mention only three. If this is a fault, it is not the fault of the 
author, but of the material he is trying to present. An attempt is 
made, in the majority of instances, to give references to original 
sources. This is not always possible, however, particularly when 

the same problem, in different forms, is to be found in a number of 
cliflcrcnt places. 
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CHAPTER ONE 


WHAT IS A PARADOX ? 


T WO fathers and two sons leave town. This reduces the 
X population of the town by three. False? No, true—pro¬ 
vided the trio consists of father, son, and grandson. 

A bookworm starts at the outside of the front cover of volume I 
of a certain set of books and eats his way to the outside of the back 
cover of volume III. If each volume is one inch thick, he must 
travel three inches in all. True? No, false. A moment’s study 
of the accompanying figure shows that he has only to make his 
way through volume II—a distance of one inch. 



A man says, “ I am lying.” Is hisitatemenf true? If so, then 
he is lying, and his statement is false. Is his statement false? If 
so, then he is lying, and his statement is true. 


The dictionaries define an island as “ a body of land com¬ 
pletely surrounded by water ” and a lake as “ a body of water 
completely surrounded by land.” But suppose the northern 
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hemisphere were all land, and the southern hemisphere all water. 
Would you call the northern hemisphere an island, or would you 
call the southern hemisphere a lake? 




Ik.. 2. 


It the northern hemisphere were all land and the southern hemisphere all 


water 


It is <>! such brain-twisters as these that this book is composed. 
I line are paradoxes for everyone—from the person who left 
mathematics behind in school (or who was left behind in school by 
mathematics; to the professional mathematician, who is still 
bothered by such a problem as that of the liar. 

We shall use the word “ paradox,” by the way, in the sense in 

which it is used in these examples. That is to say, a paradox is 

anything which offhand appears to be false, but is actually true; 

or which appears to be true, but is actually false; or which is 

simply self-contradictory. From time to time it may appear that 

we arc straying from this meaning. But be patient—what seems 

cr\stal-clear to you may leave the next person completely 
confused. 

* * * 

If you arc among those who at this point are saying, “ But we 

thought this book had to do with mathematical paradoxes—how 

about it? then stay with us for a moment. If you are not 

interested in the answer to this question, you may as well skip to 
the next chapter. 

A closer look at the difficulties encountered in our first examples 
will show that they are simple eases of very real difficulties en¬ 
countered not only by the student of mathematics, but by the 
mature mathematician as well. 

In the problem concerning fathers and sons, we find ourselves 
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searching here and there for some instance in which the condi¬ 
tions of the problem will be fulfilled. It seems at first as though 
suci an instance cannot possibly exist—common sense and intui¬ 
tion are all against it. But suddenly, there it is—as simple a 
solution as can be. This sort of thing happens time and again in 
mathematical research. The mathematician, working on the 
development of some theory or other, is suddenly confronted with 
a set of conditions which appear to be highly improbable. He 
begins looking for an example to fit the conditions, and it may be 
days, or weeks, or even longer, before he finds one. Frequently 
the solution of his difficulty is as simple as was ours—the kind of 
thing that makes him wonder why he hadn’t thought of it before. 

The problem of the bookworm’s journey is a nice example of the 

way in which reason can be led astray by hasty judgment. The 

false conclusion is reached through failure to investigate carefully 

all aspects of the problem. There are many specimens of this 

sort—much more subtle ones, to be sure—in the literature of 

mathematics. A number of them enjoyed careers lasting many 

years before some doubting mathematician finally succeeded in 
discovering the trouble. 

The case of the self-contradicting liar is but one of a whole string 
of logical paradoxes of considerable importance. Invented by 
the. early Greek philosophers, who used them chiefly to confuse 
their opponents in debate, they have in more recent times served 
to bring about revolutionary changes in ideas concerning the 
nature and foundations of mathematics. In a later chapter we 
shall have more to say about problems of this kind. 

The island-and-lake problem, which had to do with definitions 
and reasoning from definitions, is really typical of the develop¬ 
ment of any mathematical theory. The mathematician first 
defines the objects with which he is going to work—numbers, or 
points, or lines, or even just “ elements ” of an unspecified nature. 
He then lays down certain laws—“ axioms,” he calls them, or 
“ postulates ”—which are to govern the behaviour of the objects 
he has defined. On this foundation he builds, through a series of 
logical arguments, a whole structure of mathematical proposi¬ 
tions, each one resting on the conclusions established before it. 
He is not interested, by the way, in the truth of his definitions or 
axioms, but asks only that they be consistent , that is, that they lead 
to no real contradiction in the propositions (such, for example, as 
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the contradiction in the problem of the liar). Bertrand Russell, 
in his Mysticism and Logic , has put what we are trying to say in the 
following words: “ Pure mathematics consists entirely of assertions 
to the effect that if such and such a proposition is true of anything, 
then such and such another proposition is true of that thing. It is 
essential not to discuss whether the first proposition is really true, 
and not to mention what the anything is of which it is supposed to 
be true. . . . Thus mathematics may be defined as the subject in 
which we never know what we are talking about, nor whether 
what we arc saying is true.” How is that, by the way, for a 
paradox? 


CHAPTER TWO 


A FEW SIMPLE 

BRAIN-TEASERS 

(Paradoxes for Everybody) 

jV/TANY of the anecdotes and problems of this chapter are 

1 V 1 fairly well known. All of them have probably appeared in 

print in some form or other and at some time or other, and a few 

are so common that they can be found in almost any book on 

mathematical puzzles and games. It is next to useless to try to 

trace them to their original sources—most of them, like Topsy 
“ just growed.” (1) 

* * * 

We shall begin with a couple of lessons in geography. The first 
concerns a man who, you will 

say, must have been a crank. 

He designed a square house 
with windows on all four 
sides, each window having a 
view to the south. No bay 
windows (which would take 
care of three sides) or any¬ 
thing of that sort. Now how 
on earth can this be done? 

Where on earth would be more 
to the point, for there is indeed 
only one place where such a 
house can be built. Does 
that give it away? You’ve 
got it—it’s the North Pole, of 

Course, from which any direc- Fig. 3 * Any direction from the North 
tion is south. Pole 1S south 

(,) See page 228 . Notes and references for all chapters will be found near the end 
of the book. They are inserted for the convenience of all who are interested in them 
and can be ignored safely by all who are not. 
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Without the foregoing discussion, the following problem strikes 
most people as quite paradoxical. A certain sportsman, ex¬ 
perienced in shooting small game, was out on his first bear hunt. 
Suddenly he spotted a huge bear about a hundred yards due east 
of him. Seized with panic, the hunter ran—not directly away 
from the bear, but, in his confusion, due north. Having covered 
about a hundred yards, he regained his presence of mind, stopped, 
turned, and killed the bear—who had not moved from his original 
position—by shooting due south. Have you all the data clearly in 
mind? Very well, then; what colour was the bear? 




I' it;. 4. Details of the bear bunt 


I he same problem can be put in another, although perhaps less 
startling, form. Where can a man set out from his house, walk 
five miles due south, five miles due west, and five miles due north 
—and find himself back home? 

* * * 

Charles L. Dodgson, better known to the general public as 
Lewis Carroll, the author of Alice in Wonderland , is recognized by 
mathematicians and logicians as one of their own number. We 
are indebted to him for the following paradox, (2) as well as for 
several others which appear in later parts of the book. 

We can agree, can we not, that the better of two clocks is the 
one that more often shows the correct time? Now suppose we arc 
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offered our choice of two clocks, one of which loses a minute a 
day, while the other does not run at all. Which one shall we 
accept? Common sense tells us to take the one that loses a 
minute a day, but if we arc to stick to our agreement, we shall 
have to take the one that doesn’t run at all. Why? Well, the 
clock that loses a minute a day, once properly set, will have to 
lose 12 hours, or 720 minutes, before it is right again. And if it 
loses only a minute a day, it will take 720 days to lose 720 minutes. 
In other words, it is correct only once about every two years. But 
the clock that doesn’t run at all is correct twice a day! 

* * * 

Apparently impossible results are frequently obtained through 
either too little attention to relevant details or too mucli attention 
to irrelevant ones. Let’s look at a few problems of this kind. We 
shan’t bother, by the way, to discuss their solutions here. 

A scatter-brained young lady once went into a jeweller’s shop, 
picked out a ring worth £ 1, paid for it, and left. She appeared 



Fig. 5. Equal in value or not? 


at the shop the next day and asked if she might exchange it for 
another. This time she picked out one worth £ 2, thanked the 
jeweller sweetly, and started to leave. He naturally demanded 
an additional £1. The young lady indignantly pointed out that 
she had paid him £1 the day before, that she had just returned to 
him a £1 ring, and that she therefore owed him nothing. Where¬ 
upon she stalked out of the shop and left the jeweller wildly count¬ 
ing on his fingers. 
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Then there is the story of the young man who once found him¬ 
self applying for a job. He told the manager that he thought he 
was worth £300 a year to him. The manager apparently thought 
otherwise. “ Look here,” he said, *' there are 365 days in the 
year. You sleep 8 hours a day, or a total of 122 days. That 
leaves 243. You rest 8 hours a day, or a total of 122 days. That 
leaves 121. You do no work for 52 Sundays. That leaves 69 
days. You have half a day off on 52 Saturdays—a total of 26 
days. That leaves 43. ^ ou have an hour ofl for lunch each day 

a total of 15 days. That leaves 28. You have a fortnight’s 

days. And then come Easter Monday, 
Whit-Monday, August Hank Holiday and Christmas. Do you 
think you're worth £300 to me for 10 working days? ” 

A group of seven weary men once arrived at a small hotel and 
asked for accommodation for the night, specifying that they 
wanted separate rooms. The manager admitted that he had 
only six rooms left, but thought he might be able to put up his 
guests as they desired. He took the first man to the first room and 
asked one of the cither men to stay there for a few minutes. He 
then took the third man to the second room, the fourth man to 
the third room, the fifth man to the fourth room, and the sixth 
man to the fifth room. 1 hen he returned to tlie first room, got 
the seventh man, and showed him to the sixth room. "^Everyone 
was thus nicely taken care of. Or was he? 


Here is another problem of this type, not quite so simple. 
Three men had dinner at a hotel, received a bill for 30 shillings, 
and cat h handed a 10-shilling note to the waiter. He took the 
money to the office, where he was told that there had been a mis¬ 
take— the bill should have been for 25 shillings, not 30; so he was 
sent back with 5 shillings. On the way back it occurred to him 
th.it 5 shillings was going to be difficult to divide between three 
men, that the men did not know the actual amount of the bill 
anyway, and that they would be glad of any return on the money. 
So he kept 2 shillings and returned one to each of the three men. 
Now each of the men paid 9 shillings. Three times 9 is 27. The 
waiter had 2 shillings in his pocket. 27 plus 2 is 29, and the men 
originally handed over 30 shillings. Where is that other shilling? 

While we are on the subject of money, there is that very puzzling 
story having to do with foreign exchange. The governments of 
two neighbouring countries—let’s call them Northia and Southia 
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—had an agreement whereby a Northian dollar was worth a 
dollar in Southia, and vice versa. But one day the government of 
Northia decreed that thereafter a Southian dollar was to be worth 
but ninety cents in Northia. The next day the Southian govern¬ 
ment, not to be outdone, decreed that thereafter a Northian 
dollar was to be worth but ninety cents in Southia. Now a bright 
young man lived in a town which straddled the border between 
the two countries. He went into a store on the Northian side, 
bought a ten-cent razor, and paid for it with a Northian dollar! 
He was given a Southian dollar, wortli ninety cents there, in 
change. He then crossed the street, went into a Southian store, 
bought a ten-cent package of blades, and paid for it with the 
Southian dollar. There he was given a Northian dollar in 
change. When the young man returned home, he had his 
original dollar and his purchases. And each of the tradesmen had 

ten cents in his cash-drawer. Who, then, paid for the razor and 
blades? 


One of the oldest paradoxes is that of the wealthy Arab who 
at death left his stable of seventeen beautiful horses to his three 


sons. He specified that the eldest was to have one halfof the horses, 
the next one third, and the youngest one ninth. The three young 
heirs were in despair, for they obviously could not divide seven¬ 
teen horses this way without calling in the butcher. They finally 
sought the advice of an old and wise friend, who promised to help 
them. He arrived at the stable the next day, leading one of his 


own horses. This he added 
to the seventeen and directed 
the brothers to make their 
choices. The eldest took one 
half of the eighteen, or nine; 
the next, one third of the 
eighteen, or six; and the 
youngest, one ninth of the 
eighteen, or two. When all 
seventeen of the original 
horses had been chosen, the 
old man took his own horse 
and departed. The catch? 
It’s in the father’s stipulations. 



Fig. 6. The fractions $ and do not 

total 1 
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Either he was a poor arithmetician or lie wanted to give his sons 
something to think about. At any rate, the fractions one half, 
one third, and one ninth do not add up to one—as they should if 
nothing is to be left over—but to seventeen eighteenths. 

* * * 

A large business firm was once planning to open a new branch 
in a certain city, and advertised positions for three clerks. Out 
of a number of applicants the personnel manager selected three 
promising young men and addressed them in the following way; 

\ our salat ies are to begin at the rate of £200 per year, to be paid 
e\ ei \ half-year. If your wr>rk is satisfactory, and we keep you, your 
salaries will be raised. Which would you prefer, a rise of£30 per 
year or a rise of £10 every half-year? ” The first two of the three 
applicants eagerly accepted the first alternative, but the third 
young man, after a moment's reflection, took the second. He was 
promptly put in charge of the other two. Why? Was it because 
the personnel manager liked his modesty and apparent willing¬ 
ness to save the company money? Not at all. As befitting his 
position, lie actually received more salary than his companions. 
They had jumped to the conclusion that a rise of £10 every half- 
year was equivalent to a rise of £20 per year, but he had taken all 
the conditions of the problem into consideration. He had lined 

up the two possibilities and had looked at the yearly salaries in this 
way: 


1 si year 
2nd year 
3rd year 
4 th year 


£30 rise yearly £10 rise half-yearly 


£100 

£100 = 

£200 

£100 -|- 

£no = 

£210 

115 

4 - 115 = 

230 

120 + 

130 = 

250 

130 

4- 130 = 

260 

140 4- 

150 - 

290 

145 

4 - 145 = 

290 

160 4- 

170 = 

330 


It was then immediately apparent to him that his salary in 
succeeding years would exceed theirs by £10, 20, 30, 40, 

Ids rise each year exceeding theirs by £10. It was his alertness of 
mind, and not his modesty, that impressed his new employer. 

* * * 

Most people are easily confused by problems involving average 
i .ites of speed. Pry this one on your friends. 

A man drove his car 1 mile to the top of a mountain at the rate 
of 15 miles per hour. How fast must he drive 1 mile down the 
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other side in order to average 30 unfa per hour for the whole trip 

OT V. milpc ? ' w. 1 









Average aO m pJi.\fojj/the 

/ M 7]/ 


First let us look at it in ?j/is jvaA/: /np would average 30 miles per 

hour for the whole trip if ho tjlrdve tjhe second mile at the rate of 

45 miles per hour, for the avefage of 15 and 45 is (15 + 45)/2, or 
30. 


But now suppose we look at it in another way. Using our old 
friend, the relation “ distance = rate x time,” we note that the 
time required to drive 2 miles at the average rate of 30 miles per 
hour is -=fjy of an hour, or 4 minutes. Furthermore, the time re¬ 
quired to drive 1 mile at the rate of 15 miles per hour is ,h- of an 
hour, or again 4 minutes. In other words, our traveller must 
cover that second mile in 0 seconds flat! 

Which of these results are we to accept? The second is the 
correct one, and shows that considerable care must be used in 
averaging rates. The average rate for any trip is always found 
by dividing the total distance by the total time. In our first analysis, 
if the man drives one mile at 15 miles per hour and a second mile 
at 45 miles per hour, the times for those two miles are and i \- 
of an hour respectively, or 4 4 ff of an hour in all. His average rate 
is thus 2/ T 4 y or 22-5 miles per hour. This discussion should 
furnfth a practical tip to those drivers who allow just so much 
time to get somewhere. They cannot average 50 miles per hour, 
for example, by going a certain number of miles at 40 miles per 
hour and the same number of miles at 60 miles per hour. On 
the other hand, they can average 50 by going 40 and 60 for the 
same number of hours. For if they maintain these respective rates 
for one hour each, they will have gone 100 miles in 2 hours. 
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With the help of the above discussion you ought to be able to 

pick out the flaws in the folIov^Mg two arguments. If not, you 

will find their solutions in the Appendix towards the end of the 
book. 

Paradox 1. A plane makes a trip from London to Liverpool 
and back to London. Call the distance between the two cities 
200 miles and the speed of the plane 100 miles per hour. Then 
the time required for the round trip, ignoring stops, is 4 hours. 
Now suppose there is a strong wind which blows throughout the 
entire trip with the same speed and in the same direction—from 
London directly toward Liverpool, say. Then the tail wind on 
the way south will speed up the plane to the same extent that the 
head wind will retard it on the way north. In other words, both 
the average speed of the plane and the time for the round trip will 
be independent of the speed of the wind. But this means that the 
plane can still make the trip in 4 hours even though the speed of 
the wind is greater than that of the plane, in which case the plane 
would be blown backwards on the trip from Liverpool to London! 

Paradox 2. Each of two apple women had 30 apples for sale. 
The first sold hers at the rate of 2 a penny, the second at the rate 



30 at 2 a Id. 



30 at 3 a Id. 



60 at 5 for 2d. 


Fig. 8 

of 3 a penny. When the apples were sold their respective receipts 
were 15 pence and 10 pence, or 25 pence in all. Next time the 
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women decided to do business together, so they pooled their 60 
apples and sold them at the rate of 5 for twopence (2 a penny plus 
a penny). Upon counting their joint receipts they were dis¬ 
mayed to find that they had only 24 pence. They searched all 
about them for that other penny and wound up by bitterly accus¬ 
ing each other of having taken it. Where was it? 

* * * 

There are many problems in whi ch th e obvious solution is 
never the correc t one. That is to say, what offhand appears”to be 
true_is false. The following four deserve mention, although they 
are pretty well known. As in the case of the last two paradoxes, 
their correct solutions are given in the Appendix. 

Paradox 3. A clock strikes six in 5 seconds. How long does 
it take to strike twelve? No! The answer is not 10 seconds. 

Paradox 4. A bottle and its cork cost together Is. Id. The 
bottle costs a shilling more than the cork. How much does the 
bottle cost? No! The answer is not Is. 

Paradox 5. A frog is at the bottom of a 30-foot well. Each 
hour he climbs 3 feet and slips back 2. How many hours does it 
take him to get out? No! The answer is not 30 hours. 

Paradox 6 . An express leaves London for Brighton at the 
same time as a slow train leaves Brighton for London. The 
express travels at the rate of 50 miles per hour, the slow train at 
the rate of 30 miles per hour. Which is farther from London 
when they meet? No! The answer is not the express. 

* * * 

Two problems, similar to the last four, had better be taken up 
in detail here. 

A farmer’s wife once drove to town to sell a basket of eggs. To 
her first customer she sold half her eggs and half an egg. To the 
second customer she sold half of what she had left and half an egg. 
And to the third customer she sold half of what she then had left 
and half an egg. Three eggs remained. How many did she 
start out with? Now the only thing which makes this problem 
paradoxical is this additional condition: she didn’t break any eggs. 

It takes only a moment’s reflection, though, to see that this condi¬ 
tion will be fulfilled if she starts with an odd number of eggs. The 
answer is 31. 

And now for our second problem. Let’s suppose that we have 
in one glass a certain quantity of water and in another glass an 
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equal quantity of milk. We shall assume, by the way. that this 
is good, old-fashioned, umvatered milk. We take a teaspoonful 
of milk from the first glass, put it in the second, and stir. We 
then take a teaspoonful of the mixture from the second glass and 
{nit it back in the first glass. Now is there more water in the 
milk than milk in the water, or more milk in the water than water 
in the milk ? 

The people to whom this problem is proposed generally split up 
into two groups. On the one hand arc those who support the 
first suggestion; on the other hand, those who support the second. 
Both arc wrong. Why? Well, suppose for simplicity that we 
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start with 4 teaspoonfuls each of milk and water. If we put one 
teaspoonful of milk in the water, the resulting five teaspoonfuls of 
mixture is milk and l water. When we transfer one teaspoon of 
the mixture to the glass of milk, we are returning I of a teaspoon¬ 
ful of milk—thus leaving £ of a teaspoonful of milk in the water— 
and are adding * of a teaspoonful of water to the milk. Thus 
there are equal quantities— * of a teaspoonful—of milk in water 
and water in milk. Incidentally, it makes no difference whether 
or not we stir the mixture! Can you see why ? 

* * * 

We conclude this chapter with a few puzzles involving family 
relationships. (3) Such puzzles are not, strictly speaking, a part of 
mathematics, yet the type of reasoning required for their solution 
is closely akin to the type of reasoning sometimes used by the 
mathematician. 

Take this situation, for example. A big Indian and a little 
Indian are sitting on a fence. The little Indian is the son of the 
big Indian, but the big Indian is not the father of the little Indian. 
What relationship exists between the two? The answer is 
“ mother and son,” but most people fail to get it the first time 
they hear the story. Their failure can perhaps be traced to the 
fact that they learn, as children, about division of labour among 
Indians, and just naturally assume that the squaw doesn’t have 
time to sit on fences, whereas the brave has all the time in the 
world. The solution of this puzzle, then, requires the ability to 
dismiss fixed ideas and to look for new ones—a trait which is 
sometimes of great value to the mathematician. 

“ Brothers and sisters have I none, 

But that man’ s father is my f ather’s son ” 

is a fairly well-known riddle and presents no great difficulties. If 
the speaker is, as he says, an only child, then “ my father’s son ” 
is the speaker himself. And if “ that man’s father ” is “ my 
father’s son,” then “ that man’s father ” is the speaker. There¬ 
fore “ that man ” is the son of the speaker. All of which not only 
sounds like a demonstration in geometry, but actually is like one. 

Then there is the complicated family gathering consisting of 
one grandfather, one grandmother, two fathers, two mothers, 
four children, three grandchildren, one brother, two sisters, two 
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sons, two daughters, one father-in-law, one mother-in-law, and 
one daughter-in-law. Let’s count them up. Twenty-three 
people, you say? No, only seven. There were two girls and a 
boy, their father and mother, and their father's father and 
mother. A detailed explanation here is literally too much for 
words. The most satisfactory thing to do is to sit down, write out 
a list of the seven people involved, and check off the twenty-three 
relationships. 

Surely you have heard of the man who once married his 


widow’s sister. “ Now that,” you will reply, “ is utterly im¬ 
possible. After all, a man’s widow does not exist until the man 


himself ceases to exist.” Well, it all happened this way. When 
the man—let’s call him John—was young, he married a girl 
named Anne. A few years later Anne died. But Anne had a 


sister, Betty, and John took her for his second wife. Then John 
died, making Betty his widow. Had not John once married 
Anne, his widow’s sister? Sorry—the catch there was a gram¬ 
matical one. We’ll try not to do that again. 

In these days of relatively frequent divorces and remarriages it 
is quite possible for two men, totally unrelated, to have the same 
sister. A diagram will be of help here. 


Mrs. A—r Mr. A 


Mr. A 


Mrs. B 


Mrs. B 


Mr. C 


Son (AA) 


Daughter (AB) 


Son ( BC ) 


As is indicated, Mr. and Mrs. A had a son, AA. Mr. and Mrs. A 
were then divorced, and Mr. A proceeded to marry Mrs. B. 
1 hese two had a daughter, AB. Mr. A was apparently a difficult 
mail to get along with, for it was not many years before his second 
wife divorced him and married Mr. C. A son, BC y was born of 
this last marriage. And now for the denouement. The two 
sons, A A and BC, have no common blood in their veins. They 
arc therefore totally unrelated. Yet each of them is the brother 
of the daughter, AB, for A A and AB had the same father, Mr. A, 
and AB and BC had the same mother, Mrs. B. {4) 

Everyone has heard of the fallibility of lawmakers and of the 
laws they make. There is, for example, the choice gem said to 
have been produced by those who arc responsible for railway 
traffic in one of the south-western states of the U.S.A. It ran 
something like this: “ If two trains, travelling in opposite direc- 
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tions along the same single track, shall meet one another, neither 
shall proceed until the other has withdrawn.” 

But of all the laws that can lead to extraordinary situations, one 
of the best—or worst—comes from England. There, between 
1907 and 1921, it was possible for a boy to be the legitimate son of 
his father and, at the same time, the illegitimate son of his mother. 
For during that period of fourteen years it was legal for a man to 
marry the sister of his deceased wife, while it was not legal for a 
woman to marry the brother of her deceased husband. (5) And 
here is what might have happened: 


(brothers) 



The brothers John and James of our diagram took as their brides 
the sisters Sally and Susan. That is to say, John married Sally 
and James married Susan. A few years later both James and 
Sally died, and John and Susan, after a decent period, were 
married. Then John was legally married to Susan, his former 
sister-in-law, but Susan was not legally married to John, her 
former brother-in-law. Consequently Charles, who was born of 
this union, was the legitimate son of his father and the illegitimate 
son of his mother. 

As a final complication we offer the strange case of two men 
each of whom was at the same time both nephew and uncle of the 
other. Impossible? No, though perhaps improbable. Here is 
one solution: 


Mr. Allen-Mrs. Allen-Dick 

Tom Harry 

Mr. Black—;—Mrs. Black—;—Tom 


Dick 


George 
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In our diagram are Mr. and Mrs. Allen, who had a son Tom, and 
Mr. and Mrs. Black, who had a son Dick. Mr. Allen and Mr. 
Black both died. And Tom and Dick, after they were grown men, 
each married the other's mother. Dick and Mrs. Allen then had 
a son Harry, and Tom and Mrs. Black a son George. Now 
consider the relationship between Harry and George. Since 
Harry is the brother of Tom, George’s father, Harry must be 
George’s uncle. On the other hand George is the brother of 
Harry’s father, Dick, so Harry must be George’s nephew. In 
exactly the same way George is Harry's uncle and nephew. 

But this way lies madness. Shall we go on to something less 
involved ? 



CHAPTER THREE 


THE MIGHTY MIDGET 2 
AND OTHER MIRACLES 

(Paradoxes in Arithmetic) 

(Note: Throughout this chapter the billion used is the Continental or American 
billion, or one thousand million; not the English billion, which is one million million. 
It may be remarked that the Continental usage is much more convenient than the 
English, and has in fact recently been adopted by The Economist.) 

A RITHMETIC is a storehouse of almost unbelievable results. 

In a single chapter it is possible to discuss only a few of the 
surprises to be found in this subject, and for the most part we shall 
confine our attention to some of the remarkable properties of the 
number 2. There is not much here that the mathematician will 
find startling—the results to be discussed are paradoxical to the 
non-mathematician in that he would probably pronounce them 
false, or at least highly improbable, if he were asked to give his 
snap judgment on them. 

* * * 

Some Large Numbers 

In these days of billion-pound government loans and appro¬ 
priations, most of us have lost our respect for large numbers and 
are no longer able to appreciate their actual magnitude. 
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Just how big is a billion, anyway? Well, let’s think for the 
moment of tiny cubical blocks a quarter of an inch each way. A 
billion such blocks would almost fill a room 21 feet long, 21 feet 
high, and 21 feet wide. 



Fig. 12 


Or let’s think of a billion in connection with time. A billion 
seconds ago all people now thirty-one years old were not yet 
born. In 1903 only a billion minutes had elapsed since the birth 
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~cer d “ VS aS ° ““ “*« - ... 

off a hundred billion pounds at the rate of one pound a sccon/ 

wen y-four hours a day, seven days a week, and fifty-two weeks a 

year, it would take about 3,180 years to complete the task' 

* * * 

] ar !!! yS1C1St K Chem ‘ StS ’ astr onomers, and others who deal with 
g numbers use a very convenient notation in writing them 
Note first that a billion is the product of nine 10’s. That is to say 

1,000,000,000 = 10 x 10 x 10 x 10 x 10 x 10 x 10 x 10 x 10.' 

Srjr d '" 0t ? th , e P roduCt of two 10 ’ s by 10 2 , of three 10’s by 
0 of four 10 s by 10 1 , and so on, then a billion, being the pro¬ 
duct ofmne 10 s, can be written as 10®. Again, four billion can 
be written as 4 x 10®, or 4 with the decimal point moved nine 
places to the right; 34,870,000,000 as 3-487 x 10“ or 3-487 with 

the decimal point moved ten places to the right; and so on 
If we do not wish to be too exact, but merely want some idea of 
the magnitude of a number, we can say, since 3-487 is nearer to 3 

than to 4, that 34,870,000,000 is “ about ” 3 x 10“ If we are 

after an even rougher approximation, we can say that 3 x 10“ is 
to the nearest power of 10,” 10“ In other words, 3 x 10“ is 
nearer to 1 x 10“, or 10“ than to 10 x 10“ or 10“ 

4 J hat 4 9 ° f ^ nUmb T,^ ke 432 ? This is to be interpreted as 
= 4 9 , and not as (4 3 ) = 64 2 . 

We can improve our familiarity with this notation by discussing 

the following problem. What is the largest number which can be 

written with three 2’s? Some possibilities which immediately 
occur to us are 7 

222, 22 2 , 2 22 , and 2 2 *. 

Sf S ™ a l leSt ° f t , hese is 222 = 24 = 16 - Then come 222, and 
22 = 484 ‘ The argest is 222 = 4 > 194 >304, or about 4 x 10 6 . 

What if we use four 2’s instead of three ? The possibilities, 
arranged in order of increasing magnitude, are now 

2222, 222 2 , 22 2 \ 22 22 , 2 222 , 2 222 , and 2 2 ” 

The respective values of the first six of these, to the nearest power 
of 10, are 

103, 104j 1Q5> 10 2 9j 10 6 7j and 10 145 
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But the last representation yields 2 4 - 194 - 304 , or about lO 1 * 260 - 000 . 
This puts a mere billion to shame, being a billion multiplied by 
itsell some 140,000 times! Did it ever occur to you that four 
simple 2’s could ever amount to that much? 

* * * 

Figure 13 is an attempt to illustrate the fact that each person 

now living had 2 parents, 4 grandparents, 8 great-grandparents, 

* / € 1 / 



Fig. 13. A family tree in reverse 


and so on. That is to say, one generation ago he had 2 ancestors. 
Two generations ago he had 4, or 2 x 2, or 2 2 ancestors. Three 
generations ago he had 8, or 2 x 2 x 2, or 2 3 ancestors. Four 
generations ago he had 16, or 2 x 2 x 2 x 2, or 2 4 ancestors. 
And so on. In general, n generations ago he had 2 x 2 x 2 x 
. . . X 2 (the product of n twos), or 2 n ancestors. Now suppose 
wc assume there are 30 years to a generation. Then only 600 
years ago—20 generations back, that is—each one of us had 2 20 , 
or 1,040,400 ancestors! 

Someone once used this argument to “ prove ” that six hun¬ 
dred years ago there were over a million times as many people 
on this earth as there are to-day. It doesn’t take a census expert 
to figure out his error. Can you find it ? 
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The chain letter is an old evil which turns up in some form or 

other every few years. Consider the simple case in which a per 

on sends a certain letter to two friends, requesting each of them 
.0 copy the letter and send i, , wo of llcir f f iencls ° 












x\ /\ 


Fig. 14. The chain letter 


°n Then the first set consists of two, or 2* letters, the second set 

of four, or 2* letters, the third set of eight, or 2 3 letters, and so on 

Now how many sets of letters would have to be sent in order that 

every one of the two billion men, women, and children in the 

world literate or illiterate—receive one and only one letter? 

It is not difficult to show that it would take no more than thirty sets! 

The thirtieth set alone would consist of 2 30 = 1,073,741 824 
letters. 9 5 5 

The thirtieth power of 2 turns up again in the thrifty savings 
scheme whereby we put away one penny on the first day of the 
month, two (2 1 ) pence on the second day, four (2 2 ) pence on the 
third day, eight (2 3 ) pence on the fourth day, and so on—each 
day doubling the amount of the previous day. Noting that here 
the power of 2 in each case is one less than the number of the day, 
it is readily seen that on the thirty-first of the month we should 
have to put away 2 30 , or over a billion, pence—more, that is, than 
four million pounds. The total amount saved would be about 
twice as much. 


You should by now be well prepared for the next problem_a 

good one to try on your friends. Suppose we have a large sheet 
of very thin rice paper one one-thousandth of an inch thick, or a 
thousand sheets to the inch. We tear the paper in half and put 
the two pieces together, one on top of the other. We tear them 
in half and put the four pieces together in a pile, tear them in half 
and put the eight pieces together in a pile, and so on. If we tear 
and put together fifty times, how high will the final stack of paper 

R.M.—2 
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be? The usual responses are amusing. Some people suggest a 
foot, others go as high as several feet, and a few of the bolder ones 
throw caution to the winds and risk their reputation for sanity on a 
mile. All of them refuse to believe the correct answer, which is 
well over seventeen million miles! 

If you are among the unbelievers, you can work the problem 
out very simply as follows. As was indicated above, the first tear 
results in two, or 2 1 , pieces of paper; the second tear in four, or 2 2 , 
pieces; the third tear in eight, or 2 3 , pieces; and so on. It is evi¬ 
dent at once that after the fiftieth tear the stack will consist of 2 50 

sheets of paper. Now 2 50 is about 1,126,000,000,000,000. And 

since there arc a thousand sheets to the inch, the slack will be 
1,126,000,000,000 inches high. To get the height of the stack in 
feet, divide this number by 12. And to get it in miles, divide the 
resulting number by 5280. The final result, as we have said, is 
well over 17,000,000. 

* * * 

There arc a number of ancient puzzle toys which arc to be 
found even to-day in many toy-shops. Among them is what is 
generally known as the “ Tower of Hanoi.” It consists of a 
horizontal board with three vertical pegs, as shown in Figure 15. 
On one of the pegs is arranged a series of discs of different sizes, 
the largest at the bottom, the next largest on top of that, and so on, 
up to the smallest at the top of the peg. The problem is to 

transfer all the discs from the first peg to one of the others_ 

say the third—in such a way that the final arrangement is the 
same as the original one. But only one disc is to be moved at a time , 
and no disc shall ever rest on one smaller than itself. 

For example, suppose the pegs are numbered I, II, and III, and 
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the discs le t te r ed a B, C, D, . . ., as in the figure. If there are 

B o III lbC Th an o thCn B can be Shiftcd to U > A in, and 
are 3 dL 4 T dl " C % requlrc 3, or 2^ - 1 transfers. If there 
C rr a’ P rocccd as follows: C to III, B to II 

C t0U ’ A to P 1 ’ C t° I, B to III, and C to III. Thus 3 discs 

if there areadT * P*” 1 ’ k Can bc shosvn that 

theie are n discs, a minimum of 2» - 1 transfers is required 

™ ? ame Can ’ of “urse, be played with discs of cardboard and 
c ginary pegs. Try it with 5 discs, which require 2 5 1 = 31 

moves, and as you become more proficient, with an even greater 
number of discs. Here’s a helpful hint, by the way. H the 

11™h is ^rtVi/r’ move the first disc to thc peg numbeicd 

The origin of the game is described by one author in the 
tollowing way. (l) 

In the great temple at Benares, beneath the dome which 
marks the centre of the world, rests a brass plate in which are 
ixed three diamond needles, each a cubit high and as thick as the 
o y of a bee. On one of these needles, at the creation, God 
placed sixty-four discs of pure gold, the largest disc resting on the 
brass plate, and the others getting smaller and smaller up to thc 
top one. This is the Tower of Bramah. Day and night un¬ 
ceasingly the priests transfer the discs from one diamond needle to 
another according to the fixed and immutable laws of Bramah 
which require that the priest on duty must not move more than 
one disc at a time and that he must place this disc on a needle so 
that there is no smaller disc beneath it. When thc sixty-four 
discs shall have been thus transferred from the needle on which at 
the creation God placed them to one of the other needles, tower 

temple, and Brahmins alike will crumble into dust, and with a 
thundcr-clap the world will vanish.” 

In this case the number of transfers required is 2 64 — 1 If we 
assume that the priests worked on a 24-hour schedule, trans- 
erring discs at the rate of one a second and never making a 
mistake, it would take them about 5-82 x 10“ years, or nearly six 
billion centuries , to complete the task. This world’s end prophecy 
is one of the most optimistic on record! 

* * * 

The number 2 s4 — 1 is connected also with the origin of chess. 
Legend has it that an ancient Shah of Persia was so impressed 
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with the game that he ordered its inventor to ask whatever reward 
he desired. The inventor—probably a clever arithmetician— 
asked that he might have one grain of wheat for the first square of 
a chessboard, two grains for the second square, four grains for the 
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Fig. 16. The chessboard ami the grains of wheat 


third square, eight grains for the fourth square, and so on, until 
all the squares of the board were accounted for. Now he was 
asking for 


14-2-j- 2 2 4- 2 3 4- 


4- 2 63 



grains of wheat. The Shall thought this a poor reward until his 
advisers worked out the problem for him. They found that 
2 61 — 1 is about TS4 X 10 19 . If it is assumed that there arc 
9000 grains of wheat to the pint, this figure amounts to some 
3 x 10 13 bushels, which is several thousand times the world’s 
annual crop of wheat even to-day! 

If a second chessboard is placed next to the first, and if the 
scheme of doubling the number of grains for each successive 
square is continued, then the pile corresponding to the last square 
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of the second board contains 2 ^T grains . If onc grain is rcmoycd 
irom this pile, there remain 

2^- 1 = 170,141,183,460,469,231,731,687,303,715,8S4,105,727. 

This number is the largest known prime number .' 2l 


Some Number Theory 

The last problem brings us to some extraordinary properties of 
the number 2 which are rather different from those we have been 
considering. The investigation of prime numbers by both 
amateur and professional mathematicians has resulted in a wealth 
of new material for research. We recall that a prime number is 
defined as a number which is exactly divisible by no numbers 
other than itself and 1. The first twelve prime numbers for 
example, are 1, 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, and 31. The 
number 4 is not prime, for it is divisible by 2. Again, 6 is not 
prime, for it is divisible by both 2 and 3 . 

Euclid, the great systematizer of geometry, proved about 
300 b.c. that the number of prime numbers is infinite. For 
many centuries attempts have been made to devise some sort of 
formula which will generate prime numbers only. For example, 
the man who first ran across the formula n 2 + n + 41 must have 
thought he had something, for this expression yields a prime 
number when n is any whole number from 1 to 39 inclusive. 
Thus if n is 1, the formula gives 43; if n is 2, 47; if n is 3, 53; if 
n is 4, 61, and so on. But if n is 40, the formula gives 1681, 
which is divisible by 41, being (41) 2 . This example illustrates the 
uselessness, in mathematics, of attempting to deduce a general 
conclusion from a few specific cases. 

In 1640 the French mathematician Fermat believed that he had 
found a formula generating prime numbers only. His suggestion 
was 2 2 " + 1 , where n is a whole number. The first five “ Fermat 
numbers,” as they are called, are 


2 2 ° + 1 = 21 +1 = 3, 

2 21 + 1 = 2 2 + 1 = 5 , 

2 2 * + 1 = 2 4 + 1 = 17, 

2 2 ’ + 1 = 2 8 + 1 = 257, 

2 2 ‘ + 1 = 2 16 + 1 = 65,537. 
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(In connection with the first of these numbers, we must recall 
from algebra that any number raised to the Oth power is 1. See 
Appendix, page 213.) These are indeed all prime, yet Fermat 
later began to doubt tlie truth of his generalization to the effect 
that his formula will always yield a prime number. It was not 
until a hundred years later that Euler, a Swiss mathem atician, 
fo un d that the sixth Fermat number, 2 2& -j- 1 = 4,294,967,297, 
is the product of 641 and 6,700,417, aiul so is divisible by cither. 
It has since then been verified that there arc other Fermat 
numbers which arc not prime. On the other hand, no one 
knows as yet whether Fermat's formula gives any primes other 
than the first five which we have seen. 

Fermat, could he but know it, might be consoled by the fact 
that no one has succeeded in the particular quest in which he 
failed. A formula that will generate prime numbers only has yet 
to be found. 

* * * 

The expression 2- n -f- 1 turned up with renewed historical 
importance toward the end of the eighteenth century. Anyone 
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Division of the circle into 3, 6, 12,* • • equal parts 
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who has taken a course in plane geometry knows, as did the 
ancient Greeks, that the circle can be divided by means of ruler 
and compasses into certain numbers of equal parts. For example, 
to divide a circle into 2 equal parts, it is necessary only to draw a 
diameter. Each of the resulting semicircles can then be bi¬ 
sected, giving 4 equal parts; these can be bisected, giving 8 equal 
parts; and so on. The circle can be divided into 6 equal parts by 
starting at any point on the circumference and swinging successive 
arcs with radii equal to that of the circle. By taking every other 
point of division, 3 equal parts are obtained. The 6 equal parts 
can be doubled to 12, the 12 doubled to 24, and so on. A third 
method, somewhat more complicated, results in a division of the 
circle into 5, and, through doubling, into 10, 20, 40, . . . equal 
parts. The methods for 6 and 10 can be combined to give 15 
equal parts. Again, the 15 can be doubled and redoubled by 
simply bisecting the arcs. We can state all we have been saying 
in the following compact way. The circle can , by means of ruler and 
compasses , be divided into 3 , <5, or 2 n (n any whole number) equal parts , or 
any combination of these such as 3 x 5, 3 x 2 n y 5 X 2 n , and 3 x 5 x 2 n . 

For fear that this statement is a bit too compact, let us write out 
the first fifty whole numbers—beginning, of course, with 2—and 
circle all those included in the 3, 5, 2" combinations. We then 
have the following array: 


© 

© 

0 

© 

© 

7 

© 

9 

© 

11 

(12) 13 

14 

© 

© 

17 

18 

19 

® 

21 

22 23 

® 

26 

26 

27 

28 

29 

© 

31 

(ST) 33 

34 

36 

36 

37 

38 

39 

© 

41 

42 43 

44 

46 

46 

47 

© 

49 

60 

61 


As we have said, the general conclusion stated above was 
known to the ancient Greeks. For over two thousand years it 
remained unknown whether the circle could or could not be 
divided into 7, 9, 11, 13, 17, 19, 21, 23, 25, . . ., or any odd 
number of parts not covered in the 3, 5, 2 n combinations. Note 
that we say odd number of parts. Even numbers need not be 
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considered, because of the factor 2'\ For example, tlie first un¬ 
circled even number in our array is 14. Now if the circle can be 
divided into 7 equal parts, then a division into 14 equal parts can 
be obtained by simply bisecting each of the arcs. Conversely, if a 
division into 14 equal parts is possible, then 7 equal parts can be 
obtained by simply taking every other point of division. 

In 1796 a young German mathematician, Gauss, settled 
the question once and for all. He proved that it is possible to 
divide the circle into an odd number of equal parts if and only if the 
number is a prime Fermat number — a number of the form 2'- n -{- 7, that is 
-—or any combination of such numbers. Now the only known prime 
Fcrm.it numbers are those we discussed in the last section: 3, 5, 
17, 257, and 65,537. Conseque ntly the construction is possible 
not only for the odd numbers 3, 5, and 3 x 5, but also for 17, 
257, 65,537, 3 x 17, 3 x 257, 3 x 65,537, ,5 x 17, 5 x 257, and 
so on. But it is not possible for 7, 9, 11, 13, 19, 21, 23, 25, . . . 
Thus, in our array of the first fifty numbers, wc can now circle 
17, 2 x 17 or 34, and 3 x 17 or 51, but none of the others. 

Fhe names of Fermat, Euler, and Gauss, mentioned in connec¬ 
tion with the last two problems, arc among the great names in the 
history of mathematics. It is interesting to note that Fermat was 
an amateur in the subject. He was by profession a judge—a 
councillor lor many years in the local parliament of the city of 
Toulouse. 

* * * 

Powers of 2 arc involved in still another matter of historical 
interest. Flic early Greeks classified numbers not only as even or 
odd. prime or composite, but also as perfect, excessive, or defec¬ 
tive. Consider the number 12. Its divisors, apart from 12, arc 
1, 2, 3, 4, and 6. And the sum of these divisors is 16, which is 
greater than 12, the number itself. The number 12 is therefore 
said to be defective. 14, on the other hand, is excessive, for the 
sum of its divisors—1, 2, and 7—is 10, which is less than the num¬ 
ber itself. But 6 is a perfect number, for the sum of its divisors— 
1, 2, and 3—is equal to the number itself. The next perfect 
number is 28. Its divisors arc 1, 2, 4, 7, and 14. No odd num¬ 
bers have ever been found to be perfect, although no one has ever 
been able to prove that there arc none. 

Euclid proved that any number of the form 2 n “ 1 (2 n — 1), where 
n is a whole number, is perfect provided 2" — 1 is prime. The 
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only values of n for which it is known that 2" — 1 is prime are the 
following twelve: 2, 3, 5, 7, 13, 17, 19, 31, 61, 89, 107, and 127. 
Hence only twelve perfect numbers are known. The first six of 
these are 6, 28, 496, 8128, 33,550,336, and 8,589,869,056. The 

difficulty in working with the larger ones is easily seen if we note 
that the last of them is given by 2 126 (2 127 — 1). The second 
factor, 2 127 1, is the 39-digit number which appeared in con¬ 

nection with the two chess-boards (page 27). This, multiplied 

by 2 126 , gives a number of 77 digits! <3) 

* * * 

The Binary Number System 

As an introduction to the present section, let us consider a case 
of fallacious reasoning on the part of a beginner in arithmetic. 
He started with the two identities 

9 + 8 + 7 + 6 + 5 + 44-3 + 2+ 1 = 45, 

l + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 = 45, 

and subtracted the second identity from the first. The difference 
of the right-hand sides was 0. Beginning to the left of the equality 
signs, he set out to subtract 9 from 1. To do so, he had to borrow 
1 from the 2 and subtract 9 from 11. This gave 2. He then 
subtracted 8 from 1 (which was 2 before 1 was borrowed in the 
last step), and to do so, he borrowed 1 from the 3 and subtracted 
8 from 11, which gave 3. Then he subtracted 7 from 2, borrowing 
1 from the 4, and so on, proceeding always to the next step on the 
left. These operations, when completed, resulted in the con¬ 
clusion that 

8 + 6 + 4+ l + 9 + 7 + 5 + 3 + 2 = 0, 

or that 45 = 0. Where did our beginner go wrong? He seems 
to have done nothing different from what we do in subtracting, 
say, 189 from 321. Let us look at this illustration in more detail. 

321 
- 189 

132 

Here, in subtracting the first digits at the right, we borrow 1 from 
the 2 and subtract 9 from 11. But do we really borrow 1 ? We 
do not. When we write the number 321, we do not mean 
3 + 2+1, but 3 . 100 + 2 . 10 + 1, or 3 . 10 2 + 2 . 10 1 + 

R.M.-2* 
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1 . 10°. (From this point on we shall use the dot, rather than 
the cross, x, to signify multiplication.) Again, 57,289 means 
5 . 10 1 -}- 7 . 10 3 + 2 . 10 2 + 8 . ID 1 9 . 10°. So when we 
think borrow 1 from the 2,” we actually borrow 1 . 10 1 from 

2 . 10 1 . And in the next step, when we borrow 1 from 3 and 
subtract 8 from 11, we actually borrow 1 . 10 2 from 3 . 10 2 and 
subtract 80 from 110, which yields 30, or 3. 10 1 , which is the 
meaning of the “ 3 ” in the result. 

This matter ol “ positional notation ”—the convention whereby 
the significance of a digit is indicated by means of its position in 
the written number—was developed by the Hindus about the 
beginning of the sixth century a.d. It was one of the greatest 
advances ever made in mathematics. If you do not believe this, 
just try multiplying together two large numbers expressed in 
Roman numerals! It may be worth noting in this connection 
that the numerals generally called “ Arabic ” were actually an 
invention of the Hindus. <4> 

Probably our number system is based on the number 10 be¬ 
cause of the fact that man has ten fingers, which in early times he 
used (and still does use) as an aid in counting. There is really no 
reason why some number other than 10 should not be used as a 
base. It has been suggested, for example, that the base 12 be 
adopted, since 12 is divisible by 2, 3, 4, and 6, whereas 10 is 
divisible only by 2 and 5. Arithmetical calculation would be 
simpler with the base having the greater number of divisors. In 
the denary, or decimal, system (base 10) we use the ten digits 
0, 1, 2, 3, 4, 5, 6, 7, 8, and 9. In the duodecimal system (base 12) 
we should have to invent symbols to designate the tenth and 
eleventh digits. 

Would it not, someone may ask, be simpler to use a smaller 
base—one that would require fewer digits? Now the binary 
system (base 2) requires only the digits 0 and 1. Let us see what 
some of our denary numbers would look like in the binary scale. 


1 — 

1.2° = 

1 

2 = 

1.2* + 0.2° = 

10 

3 = 

1 . 2' -f 1.2° = 

11 

4 = 

1 . 2 2 4- 0.2 l 4- 0.2° = 

100 

5 = 

1 . 2 2 4- 0.2* 4- 1.2° = 

101 

6 = 

1.2* 4- 1 . 2» 4- 0.2° = 

110 

7 = 

1.2-4- 1 . 2 l 4- 1.2° = 

111 

8 = 

1 . 2 3 4- 0.2* 4- 0.2* 4- 0.2° = 

1,000 

9 = 

1 . 2 3 4- 0.2 s 4- 0.2‘ 4- 1.2° = 

1,001 
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in (c). Again, arcs AD and CD in (d) arc equal, although the 
arc without the chord appears to be the longer. What of the 





Fig. 18 (coni.). Optical illusions 


segments /?, q , and r in (c) ? Arc they segments of parallel lines ? 
Not at all—they are parts of the same straight line. In (f), the 
two shaded portions have equal areas. To prove this, note that 
if the radius of the largest circle is taken as 5, then the inner 
radius of the shaded ring is 4, and the radius of the shaded circle 
is 3. Hence the area of the shaded circle is nr 2 = tt . 3 2 = 97 t 
square units, and the area of the shaded ring is n . 5 2 — n . 4 2 = 
25tt — 16tc = 97t square units. In (g) and (h), believe it or not, 
the lines AB and CD are parallel straight lines. 

* * * 


The Fibonacci Series 

Another well-known paradox of much the same sort involves 
the dissection and rearrangement of a figure. It is a good 
example of the pitfalls of “ experimental geometry,” a topic 
generally discussed in the early stages of any course in plane 
geometry. For example, the student is shown how to deduce 
experimentally the fact that the sum of the angles of any triangle 
is a straight angle, or 180°. To do so, he makes a triangle of 
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paper or cardboard, cuts off the three angles, and rearranges 
them as shown in Figure 19. Let us see to what sort of contra- 








- Q 

(c) 


Flo. 20. The dissection and rearrange¬ 
ment of a square 


diction this method of proof, 
not backed up by sound 
logical argument, can lead. 

Suppose we take a square 
piece of paper and divide it 
into 64 small squares, as in 
a chessboard. We then cut 
it into two triangles and two 
trapezoids in the manner 
indicated in Figure 20(a) 
and rearrange the parts as 
in Figure 20(b). Now the 
resulting rectangle has sides 
which are respectively 5 units 
and 13 units long, so that its 
area is 5 . 13 — 65 square 
units, whereas the area of the 
original figure was 8.8 = 64 
square units. Where did that 
additional square unit come 
from ? 

The truth is that the edges 
of the parts 1,2, 3, and 4 do 
not actually coincide along 
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the diagonal PQ, but form a parallelogram PSQR which is 
shown in exaggerated proportions in Figure 20(c). The area 
of this parallelogram is the elusive one square unit. The angle 
SPR is so small that the parallelogram is never noticed unless the 
cutting and rearrangement are done with great care. Indeed, 
it is easy for those of us who remember oui trigonometry to sec 
from the figure that tan * = f = -3750 and tan y = :> = 2-5. 
Therefore * = 20° 33',jy = 68° 12', and /.SPR = 90°— (20° 
33' + 68° 12') = 1° 15'. 

This particular example (1) and its generalizations have en¬ 
gaged the attention of a number of mathematicians, Lewis 
Carroll among them. It is based on the relation 5 . 13 — 8 2 = 1. 
(Recall that the dimensions of the original square were 8 by 8, 
and those of the resulting rectangle, 5 by 13.) The numbers 
5, 8, and 13 are consecutive terms of the Fibonacci series , 

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, . . . 

Each term of this series, after the first two, is the sum of the 
preceding two terms. That is to say, 0 * 1 = 1, 1 + 1 = 2, 

1 + 2 = 3, 2 + 3 = 5, 3 + 5 = 8, 5 + 8 = 13, 8 + 13 = 21,’ 
and so on. The series is named after Fibonacci (Leonardo of 
Pisa), an Italian mathematician of the thirteenth century. 
Examples similar to ours can be constructed by using other sets of 
three consecutive terms, such as 

5.2 — 3 2 = 1, 13.34 - 21 2 = 1, 34.89 - 55 2 = 1, . . ., 

or 

5 2 - 3.8 = 1, 13 2 - 8.21 = 1, 34 2 - 21 . 55 = 1, . . . 

* * * 

Although the Fibonacci series is not of any great importance in 

pure mathematics, the fact that it has been found to occur both 

in nature and in art is paradoxical enough to warrant investiga¬ 
tion. 

First let us examine the arrangement of leaves—or buds, or 
branches—on the stalk of a plant. Suppose we fix our attention 
on some leaf near the bottom of a stalk on which there is a single 
leaf at any one point. If we number that leaf 0 and count the 
leaves up the stalk until we come to one which is directly over the 
original one, the number we get is generally some term or other of 
the Fibonacci series. Again, as we work up the stalk, let us count 
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Fig. 21. Thr arrangement of leaves on a stalk 


the number of times we revolve about it. This number, too, is 
generally a term of the series. 

If the number of revolutions is /«, and if the number of leaves is 
n, we shall call the arrangement an “ m/n spiral.” For example, 
Figure 21(a) shows a £ spiral, as seen both from the side and from 
the top. The size of the stalk has been exaggerated so as to show 
more clearly the positions of the leaves. The arrangement in 
(b) can be called either a 3 or a spiral, depending upon whether, 
looking down from the top, we wind about the stem in clockwise 
or counter-clockwise fashion. In other words, if in the first case 
we make 2 revolutions in counting 5 leaves, then we make g 
revolution in passing from one leaf to the next. Consequently we 
must make ;.J revolution between leaves if we wind in the other 
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diiection. To fix our ideas, we shall agree to take the longer path 
and call this a spiral. Then the arrangement shown in (c) 
is a not a § spiral. Similar arrangements can be observed 
in a wide variety of plant growth—in pine cones, in the petals of a 
flower, in the leaves of a head of lettuce, and in the layers of an 
onion, to name but a few examples. (2) 

Note that the ratios with which we have been working—1J, 
v, and so on—are ratios of successive terms of the Fibonacci series. In 
order to study the significance of these ratios, we must turn back a 
couple of thousand years to the ancient Greek geometers. They 
were much interested in what they called the “ golden section,” 
or the division of a line in mean and extreme ratio. The point 



Fig. 22. The golden section: ABjBC — BC/AC 


B of Figure 22 is said to divide the line AC in mean and extreme 
ratio if the ratio of the shorter segment to the longer is equal to the 
ratio of the longer segment to the whole line—that is, if AB/BC = 
BC/AC. It can be shown algebraically that either of these ratios 
has the numerical value {V$ — l)/2, which, to six decimal places, 
is equal to -618034. In other words, AB/BC = BC/AC = -618034. 
Let us denote this ratio by R. 

Now return to the Fibonacci series and consider the ratio of any 
term to the succeeding term. The following table gives the values 
of the first twelve of these ratios, calculated to six decimal places. 


(1) 

1/1 = 

1-000000 

(2) 

1/2 = 

•500000 

(3) 

2/3 = 

•666667 

(4) 

3/5 = 

•600000 

(5) 

5/8 = 

•625000 

(6) 

8/13 = 

•615385 

(7) 

13/21 = 

•619048 

(8) 

21/34 = 

•617647 

(9) 

34/55 = 

•618182 

(10) 

55/89 = 

•617978 

(11) 89/144 = 

•618056 

•618034 

(12) 

144/233 = 

•618026 

i 

•618034 


The arrows indicate what is intuitively evident—that the column 
on the left consists of numbers which approach R through values 
greater than R, while the column on the right consists of numbers 
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which approach R through values less than R. Consequently the 
Fibonacci senes provides a sequence of whole numbers whose successive 
ratios are more and more nearly equal to the ratio R of the golden section. 

Consider next the rectangle shown in Figure 23(a). The 
dimensions of this rectangle have been so chosen that the ratio of 



Fks. 23. 


<a) 

] lie -61S034 ro< t 




(b) 

gl«- and its division into a square and a second -618034 
rectangle 


the width to the length is R. That is, IV/L = -618034, or W — 
•618034A. If this rectangle is divided by a line into a square and 
a rectangle, as in diagram (b) of the same figure, the new rect¬ 
angle is again one in which the ratio of the dimensions is R . 
Figure 24 shows the result of the continued division of each 
successive rectangle into a square and a rectangle, and shows 
also how a curve can be inscribed in the successive squares. This 
curve is known in mathematics as a “ logarithmic spiral.” (3) 
Remarkably enough, it is just the kind of spiral frequently found 
in the arrangements of seeds in flowers, in the shells of snails and 
other animals, and in certain cuts of marble. (It is true that a 
logarithmic spiral can be inscribed in any rectangle, but the 
construction is not as simple as in the case discussed here. A 
second reason for introducing the spiral through this particular 
rectangle is that the rectangle itself will be mentioned shortly in 
another connection.) 
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One of the best examples of the occurrence in nature of the 



tions. Detailed study of these spirals has resulted in the following 
conclusions: 

(1) The spirals are logarithmic spirals. 

(2) The number of clockwise spirals and the number of 
counter-clockwise spirals are successive terms of the Fibonacci 
series; and thus the ratio of the smaller of these numbers to the 
larger is what appears to be nature’s best possible approximation 
to the ratio R of the golden section. 

The normal head—5 to 6 inches in diameter—will generally 
have 34 spirals unwinding in one direction and 55 in the other. 
Smaller heads may have £-}- or l J combinations, and abnormally 
large heads have been grown with , H , 9 4 combinations. The same 
phenomena can be observed, although perhaps not so easily, in 
the heads of other flowers, such as daisies and asters. 

So much for the relation of the Fibonacci series to nature. 
What of its relation to art? It is said that psychological tests 
have established the fact that the rectangle most pleasing to the 
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eye is the one shown in Figure 23—that is, one in which the ratio 
of the dimensions is R. This rectangle, together with the 
associated logarithmic spiral, is fundamental in the technique of 
what has come to be called " dynamic symmetry.” The develop¬ 
ment of the technique is chiefly the work of Jay Hambidgc, who 
first made an intensive study of its use in the design of Greek 
pottery, and then extended it to sculpture, painting, architec¬ 
tural decoration, and even to furniture and type display. (4) 
Dynamic symmetry lias been used extensively by a number of 
artists, among them George Bellows, the well-known American 
painter. 

I he apparent aesthetic appeal of dynamic symmetry is perhaps 
due in part to the fact that the ratio *618034 is so universal a 
constant in nature. Is it because we, who are the judges of 
aesthetic appeal, arc ourselves a part of nature? We had better 
leave that question to the philosopher and the psychologist, and 
get on with our own business. 

* * * 


Some “ Circular ” Paradoxes 

Consider the two equal circular discs, A and B , of Figure 26. 
If B is kept fixed and A is rolled round B without slipping, how 
many revolutions will A have made about its own centre when it is 
back in its original position? The answer, if obtained without 
the aid of actual discs, is almost invariably incorrect. It is 



I-io. 26. Rolling a dEc about an equal disc 
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generally argued that since the circumferences are equal, and 
since the circumference of A is laid out once along that of /?, A 
must make 1 revolution about its own centre. But if the experi¬ 
ment is tried with, say, two coins of the same size, it will be found 

that A makes 2 revolutions. This fact can be shown diagram- 
matically as follows: 

In Figure 27, let P be the extreme left-hand point of A when A 
is in its original position. A moment’s thought will make it clear 



that when A has completed half its circuit about B, the arc of the 
shaded portion of A will have been laid out along that of the 
shaded portion of B, and P will again be the extreme left-hand 
point of A. Hence A must have made 1 revolution about its own 
centre. The same argument holds for the arcs of the unshaded 

portions of A and B when A has completed the second half of its 
circuit about B. 

* * * 

Similar difficulties are encountered in the problem of a slab 
supported by rollers—a device frequently used in moving safes, 
houses, and other heavy objects. 

If the circumference of each roller in Figure 28 is 1 foot, how 
far forward will the slab have moved when the rollers have made 
1 revolution ? Again the usual argument is to the effect that the 



Fio. 28. The slab-and-roller problem 
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distance moved must be equal to the circumference of the rollers, 
or 1 foot. And again the correct answer is not 1 foot, but 2 feet. 

For suppose we resolve the motion into two parts. First think 
of the rollers lifted off the ground and supported at their centres. 
Then if the centres remain stationary, 1 revolution of the rollers 
will move the slab forward 1 foot. Next think of the rollers on the 
ground and without the slab. Then 1 revolution will carry the 
centres of the rollers forward 1 foot. II now we combine these 
two motions, it should be evident that 1 revolution of the rollers 
will carry the slab forward a distance of 2 feet. 

* * * 

In moving heavy objects by means of a slab and rollers, would 
it be possible to use rollers whose cross-sections arc not circles, 
but some other sort of curve? In other words, arc circles the 
only curves of constant breadth ? The intuitive answer is yes; the 
correct answer is no. 

By a curve of constant breadth we shall mean exactly what the 
slab-and-rollcr idea implies. That is to say, if such a curve is 
placed between and in contact with two fixed parallel lines, then 
it will remain in contact with the two fixed lines regardless of how 

it is turned. 

The simplest curve of constant breadth—apart from the circle— 
is shown in Figure 29(a). To construct it, first draw' the equi¬ 
lateral triangle ABC and denote the length of each of its sides by r. 
With A as centre, and with radius r, draw the arc BC. With B as 
centre, and with radius r, draw the arc CA. Finally, with C as 
centre, and with radius r, draw the arc AB. This curve can be 



(a) (b) 

Fig. 29. Curves of constant breadth 
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made smooth by prolonging the sides of the triangle any distance 

-say -S' as in Figure 29(b). Here the arcs DE, EG, and HI with 

centres at A, B, and C respectively, are all drawn with radius r; 

and the arcs EF, GH, and ID, with centres at C, A, and B respect- 
iveJy, are all drawn with radius r -{- s. 



Fig. 30 


In Figure 30, the second of these curves is shown placed between 
two fixed parallel lines. It is evident from the figure that the 
curve will remain in contact with the two lines regardless of how 
it is turned, for the distance PQ between the highest and lowest 
points of the curve is always the sum of the two constant radii, 
s and r s, and so is always the same. 

It is well to note that although any roller whose cross-section is 
a curve of constant breadth can be used in place of a circular 
roller for the moving of objects on a slab, a wheel in the shape of 
either of the curves of Figure 29 could never be used in place of a 
circular cart-wheel or a circular gear. For these curves have no 
real centres—no point, that is, 
which is equidistant from all 
points on the curve. The circle is 
the only curve which has this 
particular property. 

Curves of constant breadth 
need not be regular in shape, as 
were the two just examined. The 
irregular curve of Figure 31 is 
constructed as follows: With A as 
centre, and with any radius AB } 
swing arc BC. With C as centre, 

and with the same radius (the 

- r.m.— 3 



Fig. 31. An irregular curve of 
constant breadth 
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radius remains constant throughout), swing AD. With D as 
centre, swing CE. With E as centre, swing DF. With F as 
centre, swing EG. With B as centre, swing AG. (G is the point 
of intersection of the last two arcs.) Finally, with G as centre, 
swing EB. This curve has corner points which can be rounded 
off by extending the lines AB, AC , and the like, as was done in the 
transition from diagrams (a) to (b) in Figure 29. ,5) 

* * * 

The large circle of Figure 32 has made 1 revolution in rolling, 
without slipping, along the straight line from P to . The dis- 
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tance PQ is thus equal to the circumference of the large circle. 
But the small circle, fixed to the large one, has also made 1 
revolution, so that the distance RS is equal to the circumference of 
the small circle. Since RS is equal to PQ, it follows that the cir¬ 
cumferences of the two circles are equal! 

This puzzling contradiction, which dates back to the seven¬ 
teenth century,' 01 can be explained by the fact that although the 
large circle rolls without slipping, the small one “ slips ” in a 
certain sense. This behaviour can be made clear by thinking of 
the circles as wheels, securely fastened together, and running on 
tracks as shown in Figure 33. If track b is lowered so that it docs 
not touch wheel B , then 1 revolution of the system on track a will 
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does not t 1 ; l le T hand ’ track a is lowered 50 that it 

does not touch wheel A, then 1 revolution of the system on track b 

Ca 7 y the c ° m mon centre forward a distance equal to the 
circumference of B. Finally, suppose that each wheel rests on 
U corresponding track. Now the circumferences of the two 

r r lt S arC t C tT tain y eqUaL Cons cquently, if wheel A rolls on 
track ^without slipping, there must be some slipping between 

wheel B and track b. And if B rolls on b without slipping, there 

must be some slipping between A and a. It follows that if each 

wheel were geared to its tracks, motion would be impossible. 

A further explanation of the paradox involves the notion of a 

curve called the “ cycloid.” This curve, shown in Figure 34 ,s 

the path traced by a fixed point M on the circumference of a 

circle as the circle rolls, without slipping, along a straight line. 



A fixed point N inside the circle describes what is known as a 
44 curtate cycloid,” or sometimes a 44 trochoid.” 



Returning to the problem of the two unequal circles, think of 
the motion of a fixed point M on the circumference of the large 
circle, and that of a corresponding point N on the circumference 
of the small circle. As the large circle rolls from P to Q, M 
describes a cycloid, and N a curtate cycloid. A glance at Figure 
36 makes it evident that although each wheel makes only 1 
revolution, the point M travels considerably farther than the 
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point j\\ Only the common centre of the circles travels a distance 

equal to the straight line PQ~. 

* * * 


The cycloid lias a number of remarkable properties, of which we 
note the following three. 

(1) The length of one arch of a cycloid is equal to the perimeter 
of a square circumscribed about the generating circle. 



I n.. 37. The cycloidal arch PUQ_ is equal in length to the perimeter of the square 
AHCD\ tin- area of the shaded region under PRQ_ is three times that of the shaded 

circle 


(2) The area under one arch of a cycloid is equal to three times 
the area of the generating circle. 

(3) The “ path of quickest descent ” between two points is the 
arc of a cycloid. For example, suppose that A and B of Figure 
38 arc two points not in the same horizontal plane, and suppose 



Fig. 38. A cycloidal arc is the path of quickest descent 

that two spheres arc released simultaneously at A and allowed to 
roll from A to B. If the first rolls along a plane, and the second 
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along a surface in the shape of an inverted cycloid, the second will 
arrive at B before the first, in spite of the fact that its path is 
onger and that it has to roll uphill before it gets to B. It can be 
shown further that if the plane from A to B is replaced by a curve 
o any other shape, the sphere which rolls along this surface will 
always arrive at B later than the one which rolls along the cycloid. 
This problem of the path of quickest descent, traditionally 

TT ^ ^ « • — _ m,” was proposed to 

Jacob .Bernoulli by his brother Johannes (see p. 175) in 1696 It 

was not long before the methods devised for the solution of the 

problem developed into what is now called the “ calculus of 

variations an important branch of mathematics dealing with 
all sorts of extremal problems. 



I”ig. 39. '1 he prolate cycloid 

A third member of the cycloid family is the “ prolate cycloid.” 
This curve is the path traced by a fixed point 0 outside the rolling 
circle, but attached to it. Figure 39 shows that as the circle rolls 
to the right, the point O moves to the left during a small part of its 
journey. It can thus be said that no matter how fast a train is 
moving forwards, certain parts of the train—points on the flanges 
of the wheels—are moving backwards! 

Incidentally, a nice paradox 
exists in connection with the 
naming of the curtate and prolate 
cycloids. We have labelled Figures 
35 and 39 in accordance with the 
definitions given in the Encyclopaedia 
Britannica (14th edition, 1939). But 
according to Webster’s New Inter¬ 
national Dictionary (2nd edition, 

1934), what we have called a curtate 

cycloid should be called a prolate F io. 40 . The hypocydoid 
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“ curtate ” is 


cycloid and vice versa. In view of the fact that 

/ 

derived from “ curtus,” meaning “ short/ 5 and “ prolate 55 from 
“ prolatus,” meaning “ prolonged, 55 the terminology we have 
adopted would seem to be the obvious one, in spite of Webster. 

One other type of cycloid also deserves mention. The “ hypo- 
cycloid 55 is the path of a fixed point P on the circumference of a 

circle which rolls around the interior of a larger, fixed circle. 

If, as in Figure 41(a), the radius of the rolling circle is half that 
of the fixed circle, the point P simply moves back and forth along 



Fk;.J 41. Transforming circular motion into straight-line motion 


the diameter AD. Here, then, is a device by which circular 
motion can be transformed into straight-line motion, figure 
41(b) shows the centre C of the rolling circle attached to a revolv¬ 
ing disc 1), and a rod attached to the rolling circle at P. The 
rotation of the disc D causes the small circle to roll about inside 
the large circle (which remains fixed), and this rotation in turn 

causes the rod to move back and forth in a straight line. 

* * * 


Topological Curiosities 

Let us think for a moment of the shape of a quoit, or anchor¬ 
ring. Is that part which constitutes the hole inside or outside the 
ring? We generally avoid the wordy phrase used here and speak 
of “ the hole in a ring,” implying, however unconsciously, that it 
is inside. But is the inside really inside or outside? If we go on 
to debate the question without first settling upon some sort of 
definition of “ inside ” and “ outside,” our argument is likely to 
be quite fruitless. 

The problem of what constitutes the inside and the outside of a 
ring is the concern of the student of “ topology ” or “ analysis 
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situs ” (literally, the analysis of situation, or position). Ordinary 
plane and solid geometry are essentially quantitative, dealing as 
they do with the sizes of things-the lengths of lines, the areas of 
surfaces, and the volumes of solids. Topology, on the other hand 
is a kind of geometry which ignores sizes and concentrates on such 
qualitative questions as whether a certain point is inside , on or 
outside a certain closed curve or surface. 

To be more specific, consider the circle shown in Figure 42 
The student of plane geometry is interested in such things as the 
number of inches in the circumference of the circle, or in the 
number of inches in the distance from the centre O to the point P 
or in the number of square inches in the area of the circle. The 
topologist, on the other hand, is interested in this sort of question- 
The point P is inside the circle, the point £on the circle, and the 
point R outside the circle. Now suppose the circle is drawn on a 
sheet of rubber and then stretched and distorted in any way, shape 
or manner—provided it is not torn. Does P still lie inside the 
curve? Does & still lie on the curve? Does R still lie outside 
the curve? The answer to all three of these questions is obviously 
yes, but this problem is an elementary one. 

The science of topology is relatively young. The first system¬ 
atic work in the subject appeared about the middle of the nine- 




The same circle distorted 


Fig. 42 

teenth century. But in 1736, over a hundred years earlier, 
Fmler published the first single result of any topological conse- 
quence. Let us look at his problem. (7) 

In the German town of Konigsberg ran the river Pregel. In 
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the river were two islands, connected with the mainland and with 
each other by seven bridges, as shown in Figure 43. A frequent 


A 



topic of conversation in the town was whether or not it was poss¬ 
ible for a person to set out for a walk from any point in the town, 
cross each bridge once and only once, and return to his starting- 
point. No one had ever found a way to do this, but on the other 
hand, no one had ever been able to prove that a way did not exist. 
Fulcr heard of the problem and went about its solution in a 
systematic manner. He noted—and here the topological method 
creeps in—that the problem is unchanged if the somewhat com¬ 
plicated figure above is replaced by the simple diagram in 
Figure 44. Then the original problem is equivalent to this: is it 

possible to start at any point and 
trace this diagram with a pencil 
without lifting the pencil from 
the paper and without retracing 
any portion of the diagram? 
Euler proved not only that this is 
impossible, but went on to es¬ 
tablish additional results for dia¬ 
grams of a more general nature. 
Incidentally, the diagram above 
can be traced in the manner indi¬ 
cated if the bridge BD is replaced 
by one from A to C. 

Euler's problem can hardly be called paradoxical, but there are 
two reasons why it was worth discussing. First, it gives us some 
idea of the topological method, whereby a complicated diagram 



Fig. 44 


Flic Kdnigsberg 
simplified 


problem 
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IS replaced by a simple one. In the second place, it indicates the 
ocnei al nature ofa topological problem—one m which the essentials 
are unchanged by any distortion of the figure. But now, instead 
of O oing any further into a technical development of the subject, 
we shall look at some of the weird and startling problems which 
arise in it. For the most part we shall be dealing with what we 
always thought were simple ideas—ideas about which our in¬ 
tuition has never before led us astray. Perhaps we shall learn how- 
unreliable a guide intuition can sometimes be. 


The curve in Figure 45 is a complicated-looking affair, but a 
mathematician would call it a “ simple closed curve,” for it 
never crosses itself, and it divides the plane in which it’lies into 
two parts, one inside the curve and the other outside. Topo¬ 
logically speaking, it is equivalent to a circle, for it can be trans¬ 
formed into one by proper stretching. Figure 46, on the other 
hand, shows a closed curve which is not simple. At first thought 
we may be tempted to say that this curve divides the plane into an 
inside, consisting of the regions / and X, and an outside, 0. But 
not so fast! Let us return for a moment to Figure 45. If we 



Fig. 45. A simple closed curve 



start at any point of the inside, /, and follow a path which cuts 
the curve at any one point , we shall find ourselves at some point of 
the outside, 0. This corresponds roughly to our intuitive idea of 
what constitutes the inside and the outside of a curve. Now, in 
Figure 46, if we start anywhere in I and follow a path which cuts 
the curve anywhere except between the points a and b , it is true that 
we find ourselves at some point of 0. But what if our path cuts 
the curve between a and b , so that we arrive in X ? If X is outside 

R.M.- 3* 
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tlie curve, we ought to be able to get from X to 0 without again 
crossing the curve. And if X is inside the curve, we should have 
been able to get from / to X without crossing the curve the first 
time. Hence, relative to /, the region X is neither inside nor out¬ 
side the curve. 

* * * 

So far we have been working with one-dimensional curves on a 
two-dimensional surface. We shall now step everything up one 
dimension and consider a similar problem involving two- 
dimensional surfaces in three-dimensional space. 

A sphere is a good example of a “ simple closed surface ”—a 
surface which divides all of space into two regions, one inside the 
sphere and the other outside. If we start at any point of the 
inside, /, and follow a path which cuts the surface at any one point, 
we arrive at the outside, O, as in Figure 47(a). 

The surface whose cross-section is shown in Figure 47(b) is 
constructed by taking a hollow sphere, soldering a hollow pipe to 
the outside of the sphere at A , cutting a hole in the sphere at B, 
and here soldering the other end of the pipe to the sphere. Thus 



(a) (b) 

Fig. 47 


the pipe is closed at A y and opens into the sphere at B. The 
surface formed by the sphere and the pipe is certainly a closed 
surface, but it is no longer a simple one. For what constitutes 
the inside, and what the outside? If we start from any point of I 
and follow a path which cuts the sphere anywhere except in the 
circle at A y we arrive at 0. But if our path cuts the sphere in the 
circle at A, we follow the pipe around and again find ourselves 
inside the sphere And if we follow the same path in reverse 
order, we arc still inside the sphere. 

This problem is considerably more baffling than that of the 
curve in Figure 46. There we might at least have said that the 
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curve has two separate insides, I and X, and one outside, 0. But 
here the sphere and the pipe cannot be thought of as separate 
insides, for although they are separated at A, they run into one 
another at B. The best we can say is that the surface lias an in¬ 
side and an outside except for the small portion of the sphere at A 
Now look at the surface—called “ Klein’s bottle ’’—shown in 
figure 48. We can construct this surface by taking one end of a 
hollow glass tube, bending it round, inserting it through a hole in 
its side, and welding the two open ends together. The resulting 
surface is a closed surface, being unbroken in the usual sense at 
any point. For example, Figure 49(a) shows the cross-section of 
an ordinary bottle. This surface is an open one, being broken 



at the neck. Figure 49(b), on the other hand, is a cross-section 
of the surface of Figure 48. This surface has no break like that 
at the neck of the bottle. To repeat, it is a closed surface. (In 
all cases, of course, the glass must be thought of as a true surface—■ 
one with no thickness.) 
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Suppose we start anywhere ancl follow a path which cuts the 

surface at any one point. We can, without again cutting the 

surface, return to the place from which we started. In other 

words, no matter where we penetrate the surface, we are still 

outside of it. This closed surface therefore has no inside whatever / (8) 

* * * 


Most of the surfaces met with in everyday life are “ bilateral,” 
or two-sided. A sheet of paper, for example, has two sides. If a 
fly were placed on one side, he could get to a point on the other 
side only by cutting through the paper—how a fly could do this 
is beside the point—or by going over the edge. A sphere is a 
closed bilateral surface. The fly could crawl all over the outside, 
and could get to the inside only by going through the surface. 
But the closed surface of Figure 48 is ” unilateral,” or one-sided. 
A moment’s thought will make it clear that the fly could crawl 
from any one point to any other point without the inconvenience 
of cutting through. 



Let us consider a simpler example of a unilateral surface—one 
which is somewhat easier to construct. First take a long, narrow, 
rectangular strip of paper, and paste the ends together as shown 
in Figure 50. The result is a cylindrical surface which has two 
sides and two edges. We shall refer to this strip as S x . 

Now, before pasting the ends of a similar strip together, give 
one of them a half-twist—a twist through 180°, that is. The 
resulting surface, called a “ Mobius strip,” is a one-sided surface 
with but one edge. An attempt has been made, in Figure 51, to 
show what this surface looks like, but you had better actually 
construct one if you want to study its properties in detail. To 
convince yourself that it has but one side, start at any point and 
draw a line down the middle. Keep on drawing, without lifting 
the pencil from the paper, until you return to the point from 
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which you started. You will find that the single line has com¬ 
pletely traversed what constituted, before the ends were pasted 
together, the two sides of the original rectangular piece of paper 
And to convince yourself that the Mobius strip has but one edge' 
start at any point of the edge and follow it round, without cross- 
mg the paper, until you arc back where you started. Again, you 
will find that you have completely traversed what constituted 
before the ends were pasted together, the two long edges of the 

ongmal rectangular piece of paper. We shall, for convenience, 
call the Mobius strip S 2 . 


Finally, if one of the ends is turned through a full twist (through 

360°) before pasting, the resulting surface, like .S\, has two sides 
and two edges. We shall 

refer to this strip, illustrated 
in Figure 52, as S 3 . 

And now get out your 
scissors, for we have more to 
do. Suppose we cut the 
bilateral strip S ± along a line 
midway between the edges. 

It is not difficult to see that F, °- 52 ' Thc strip * S ’ 3 



we obtain two separate strips, identical with thc original one 
except that they are only half as wide. But what if we cut the 
Mobius strip S 2 in the same manner? Anyone who can predict 
the result before actually carrying out the experiment must 
have better than average intuitive powers. For the result is 
a single strip—not two—twice as long and half as wide as thc 
original one. Furthermore, it is no longer unilateral, but is a 
bilateral strip of the type £ 3 . And what if this strip S 3 is cut 
down the middle? Here the result consists of two interlocked 
surfaces of the type S 3 , each of them equal in length to the strip 
from which they were cut, and half as wide. (9) 

For a final surprise, take a new strip S 2 —the unilateral Mobius 
strip—and cut it along a line which runs parallel to the edge and 
a third of the width of the strip from the edge. Keep cutting 
until you are back at the starting-point. Thc result? Two 
interlocked surfaces, one equal in length to the original strip, the 
other twice as long. The shorter one is again of type iS' 2 , the 
longer one of type £ 3 . 

Try the experiments described and invent variations of your 






NOW YOU SEE IT —NOW YOU DON’T 


68 

own. Predicting the results will give your intuition good 
practice. 

* * * 

Much of the early work in topology was concerned with the 
study of knots. As a matter of fact, anyone who has ever played 
with those puzzles consisting of interlocked wires, nails, rings, or 
strings can claim to have been, in a small way, a topologist. 

When is a closed curve knotted and when is it not knotted? 
(“ Not knotted ” may be a bit confusing, particularly in oral 
discussion, but be consoled by the fact that we arc not going 
into what Tait, an English mathematician, called the “ knotted- 
ncss, beknottedness, and knotfulncss ” of knots!) A piece of 
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string with the ends tied together will do nicely for a closed curve. 
Then the curve, or string, is not knotted if it can be transformed 
into a single simple closed curve (see page 63) without cutting 
and retying. Otherwise it is knotted. For example, Figure 
53(a) shows a string which is actually unknotted, while diagram 
(b) of the same figure shows one which is knotted in the simplest 
possible way. 

Our discussion of the Mobius strip and its various relatives can 
be put in terms of knots as follows. 

The two edges of a strip of type arc neither knotted nor 
interlocked. This strip, cut down the middle, falls into two 
separate parts. 

The single edge of a strip of type S 2 is not knotted. This strip, 
cut down the middle, becomes a single unknotted strip of type S 3 . 

The two edges of a strip of type S 3 are interlocked, but not 
knotted. When this strip is cut down the middle, it falls into 
two interlocked strips. 

If one end of the strip is turned through three half-twists (or 
540°) before pasting, the resulting surface—call it S A —has one 


PARADOXES IN GEOMETRY g 

side and one knotted edge. For if this strip is cut down the 

case th e ; a ,t"^ , «Sr k SS ed * “ “ 3 S * riP ° f tyPC ^ in 
As a matter of fact, the knot 
is of the type shown in Figure 

53(b). 

There are many examples 
of paradoxes which arise in 
the study of knots. The 
reader who is interested 
further in the subject is re¬ 
ferred to other works. (10) We 
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shall content ourselves with a description of only two more 
examples—both of them rather popular tricks. 

The first concerns our friends A and B, who appear in Figure 
55. They are tied together in the following way. One end of a 



A 8 

Fig. 55. The escape-artist’s trick 


piece of rope is tied about A's right wrist, the other about his left 
wrist. A second rope is passed around the first, and its ends are 
tied to B’s wrists. How are A and B to free themselves without 
cutting one of the ropes ? No amount of climbing in and round 
each other’s rope will do it, but the solution is simple. B takes 
up a small loop near the middle of his own rope, passes it under 
the loop round A's right wrist—on the inside of the wrist and in 
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the direction from elbow to hand—and slips it over A's hand. 
He then passes it again under the loop round .Ts wrist—this time 
on the outside of the wrist and in the direction from hand to 
elbow—and behold, his own rope can now be pulled free. 

The second of our two tricks has to do with the system of appar¬ 
ently interlocked loops and surfaces consisting of a man, his waist¬ 
coat, and his coat. We should probably say offhand that it is 
impossible for a man to take off his waistcoat without first remov¬ 
ing his coat—without, that is, slipping his arms out of his coat- 
sleeves. But you, or anyone else, can do it by following these 
directions. Unbutton the waistcoat and coat. Grasp the end 
of the left-hand sleeve and the lower left-hand corner of the coat 
firmly in the left hand and put that hand and arm through the 
left armhole of the waistcoat, from outside to inside. This 
operation leaves the left armhole free, and over the left shoulder. 
Pull the waistcoat round behind the neck. Now grasp the end of 
the right-hand sleeve and the lower right-hand corner of the coat 
firmly in the right hand and put that hand and arm through the 
left armhole, again from outside to inside. This operation leaves 
the waistcoat attached to the body only by the right arm, which is 
now through both armholes of the waistcoat. Finally, pass the 
waistcoat down the inside of the right coat-sleeve and out at the 
end. 

Warning! Use an old suit! 

* * * 

A number of topologists have spent a great deal of time and 
energy on (he “ four-colour problem.” Experience has taught 
mapmakers, both amateur and professional, that only four colours 
arc needed to distinguish between the different countries of a 
plane or spherical map. Let us turn cartographers for a moment 
and look at a few examples of plane maps. 

A piece of land occupied by one, two, three, or four countries 
can obviously be taken care of with four colours or fewer. Per¬ 
haps we had better put one possible misunderstanding out of the 
way before it arises. It may be argued that we need seven 
colours for the map in Figure 56. But one of the conditions of 
the problem is that two countries may be coloured the same if 
they touch only at one point—not, however, if they touch along a 
line. Thus in the map under consideration we can do with three 
colours, indicated in the figure by three distinctive shadings. 
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Now consider Figure 57, which shows four countries, each of 

which touches the other three. It is evident at once that four 

colours are necessary for the colouring of this map. No one, 

however, has yet been able to draw a map of five countries, each 
oi winch touches the other four. 



Fig. 56. Three colours suffice for this 
map of seven countries 



Fig. 57. Four colours are necessary for 
this map of four countries 


Here is an excellent example of what arc known as necessary and 
sufficient conditions in a mathematical problem. The map of 
Figure 57 furnishes proof of the fact that four colours are necessary. 
Yet the mere fact that no one has ever found a map for which 
four colours are not sufficient does not prove that four colours are 
sufficient. 

Although it is suspected that four colours are sufficient, the best 
result which has been proved to date is that five are sufficient. It 
is remarkable that although the problem has been solved only in 
part for such simple surfaces as the plane and the sphere, it has 
been solved completely for much more complicated surfaces. 
For example, it has been proved that seven colours are both 

necessary and sufficient for the colouring of a map on a “ torus ”_ 

a quoit, or anchor-ring. An attempt is made in Figure 58 to 
show a torus upon which seven regions, each of which touches the 
other six, have been laid out. (11) 

The four-colour problem has fired the imagination and enthusi¬ 
asm of many a mathematician. Scarcely a month goes by but 
that some mathematical journal or other carries an article either 
on the problem itself, or on problems which have arisen out of it. 
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Fig. 58. The “ seven-colour problem ” of the torus 

The real problem—that of (he sufficiency of four colours for a 
plane or spherical map—is still an open question. 

% jfc 

We must not conclude, from what we have seen in our brief 
excursion into topology, that it is a subject made up entirely of 
useless, though interesting, games and puzzles. The introduction 
of topological methods has brought about startling advances not 
only in other branches of mathematics but in physics and chem¬ 
istry as well. And to mention but one of the applications of 
topology to industry, the Bell Telephone Laboratories have found 
a use for it in the classification of electrical networks. No one 
dares prophesy the ultimate usefulness of topology—it is as yet too 
young a science. 




CHAPTER FIVE 


THOU SHALT NOT 
DIVIDE BY ZERO 

(Algebraical Fallacies) 

A/TOST of the paradoxes of the previous three chapters were 

' -^paradoxical in that they appeared to be false—or at least 
highly improbable—yet were actually true. In this chapter and 
the next we shall consider some results in algebra and geometry 
which appear to be true, yet which are actually false. Paradoxes 
of this type might better be called “ fallacies,” since they are the 
result of fallacious logical reasoning. 

The very nature of the problems to be considered in Chapters 
5 and 6 necessitates the use of some of the more formal techniques 
of algebra and geometry. It may well be that a number of us 
will not find these two chapters as exciting as Chapters 7, 8, and 
9. Such people can skip Chapters 5 and 6 if they wish, although 
some of the material developed in these chapters will be used 
later on. At any rate, we shall try to keep in mind the fact that 
many of us have not seen the inside of a classroom for years, and 
for this reason we shall generally discuss in some detail the finer 
points upon which any particular argument may be based. 

Whenever there are groups of fallacies which involve the same 
error such as division by zero, to name one of the most common 
—only one example of each group will be explained in full. The 
remaining examples of the group will then be enumerated either 
without explanation, or with at most a hint or two. We shall in 
this way have the satisfaction of discovering for ourselves where 
and how the difficulty occurs. If, however, our wits are not 

equal to the task, we can always refer to the Appendix for the 
solution. 

* * * 

No doubt everyone will recall the axioms, or assumptions, 
which are at the foundation of the study of arithmetic and which 
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arc consequently essential to any mathematical argument having 
to do with numbers. We probably remember them in some such 
sing-song fashion as this: “Equals plus or minus equals are 
equal; equals multiplied or divided by equals are equal; like 
powers or like roots of equals are equal; things equal to the same 
thing arc equal to each other; and so on. ’ Let us have a look at 
some applications or rather misapplications—of these axioms. 

Paradox 1. 

1 cat has 4 legs; (I) 

no (i.e., 0) cat has 3 legs. (2) 

Adding the “equals” (1) and the “equals” (2), we conclude 
that 1 cat has 7 legs. 

Paradox 2. 

2 pounds = 32 ounces; (1) 

2 pound = 8 ounces. (2) 

Multiplying the equals (1) by the equals (2), we obtain 1 pound 
— 258 ounces. 

Paradox 3. 

1.0 = 2 . 0 ; ( 1 ) 

0 = 0 . ( 2 ) 

Dividing the equals (1) by the equals (2) gives 1 = 2. 

Paradox 4. 

(-«) 2 = (+«) 2 , 

since the square of a negative quantity is positive. Extracting 
the square root of both sides, we have — a = -f- a. 

Paradox 5. 

} pound = 4 ounces. 

Extracting the square root of both sides of this expression gives 

y /i pound = \/4 ounces, 


or 


£ pound = 2 ounces. 
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Paradox 6. In attempting to solve the system of two eema- 
tions in two unknowns: 

f v !-y = i> 

[* +y = 2 , 

we are forced to the conclusion that, since 1 and 2 are equal to 
the same thing, they must be equal to each other—that is, 1 - 2. 

Where are the errors? Paradox 1 is too obvious to spend any 
time on. As a matter of fact, we had to stretch our imagination a 
little in order to get “ equals ” out of the statements (1) and (2). 

In Paradoxes 2 and 5 we performed the operations of multiplica¬ 
tion and root extraction only on the numbers, and not on the units 

involved. Our conclusion in Paradox 2, for example, should 
have been 

1 (pound) 2 = 256 (ounces) 2 . 

Now a “ square pound ” is a rather difficult thing to visualize. 
It would be clearer if we used feet and inches. Our argument 
would then run as follows: 

2 feet = 24 inches; ( 1 ) 

£ foot = 6 inches. (2) 

Therefore 1 square foot = 144 square inches—a result which is 
evidently correct. 

Paradox 3 reminds us rather forcibly of the fact that the axiom 
concerning “ equals divided by equals ” carries with it a rider to 
the effect that the divisors shall not be zero. We shall have more 
to say about this point before very long. 

Paradox 4 recalls another item which may well have been for¬ 
gotten. In extracting a square root, both the positive and 
negative signs must be taken into consideration. That is to say, 
the expression in question yields the two correct identities 

+ a ~ + a an d — a = — a. Here is another matter which will 
receive more attention later on. 

Paradox 6 shows us that the axioms cannot be applied blindly 
to equations which are true only for certain values of the vari¬ 
ables, or unknowns. The values of x and y for which both the 
equations (1) and (2) are true must be taken into account, and 
there are no values of x and y for which x -\-jy = 1, and, at the 
same time, x + y = 2. 
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Another misuse of the axioms might be of some value in the 
following instance. Suppose a man is accused by his indignant 
wife of having had too much to drink. He can maintain that it 
is undeniably true that a glass which is half full is equivalent to a 
glass which is half empty. That is, ^ full = £ empty. But from 
this it follows—by multiplying both sides by 2— that full = empty, 
so that every time our friend had drunk a full glass, he had had 
nothing at all to drink! The chances for the success of this 
scheme arc inversely proportional to the wife's intelligence. 

* * * 


Not only is it possible to observe the rules (after a fashion) and 
come out with incorrect results, but, as any teacher of mathe¬ 
matics will testify, it is often possible practically to annihilate the 
rules and still arrive at the correct conclusion. For example, it 
is quite true that if in the fractions J and jj 2 the sixes are 
cancelled from the numerators and denominators, the resulting 
fractions, j and j, are correct. Again, the exponents in the 
niimerdt()i and denominator of (I ^1 — x can i)c can* 

celled, and the correct result, (1 -j- *)/(l — *), obtained. 

I he same sort of illegal cancellation was once used in the 
following proof in plane geometry. As in Figure 59, the points 


P 

+- 



T, 0, /?, Q,, and S are so marked off on a straight line that 
PO = and OR/OQ= OQ/OS. It is then desired to prove 
that PR/RQ = PS j QS. This result, it was argued, must be true; 
for if the R's arc cancelled on the left of this last equation, and the 
S' son the right, the identity P/Q = P/Q, results ! But P/Q= P/Q 
is of course meaningless, since P and (^represent points, whereas 
PR and RQnrc magnitudes. 

* * * 

A type of examination question which has recently become 
popular—at least with the examiners—is this: 44 If* be diminished, 
in what way docs the fraction l/x change? ” (,) The student is 
expected to answer that the value of the fraction increases, and 
the value of the problem is supposed to lie in the fact that it tests 
the student s feeling for what is known as “ functional relation- 
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ship. The expected reply appears reasonable enough, yet it 

leads to a contradiction if no further restrictions are put on the 

values assumed by x. For suppose * runs over the decreasing 
sequence ° 

• • •> 5, 3, 1, — 1, — 3, — 5, . . . 


Then the corresponding values of \/x are 

i 1 i i i , 

• * •> 5> :$> 1, — I, — ;j, — . . . 

Now it is true enough that J is greater than l, that 1 is greater 
than that — £ is greater than — 1, and that — i is greater 
than — J. But must we conclude that — 1 is greater than 1 ? 

^’® cu hy arises from our failure to examine carefully all 
possibilities before concluding that 1/x increases as x decreases. 
We probably thought of letting x run over a decreasing sequence 
of positive numbers—such as . . ., 5, 4, 3, 2, 1—in which case the 
value of 1/x does increase. It also increases if x runs over a 
decreasing sequence of negative numbers, such as — 1, — 2, — 3, 

^ 5, . . . These facts can be verified by a glance at the 

graph of 1/x, shown in Figure 60. But the figure also shows that 



Fio. 60. The graph of 1 /* 
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'VC cannot conclude that l/x increases as * runs over a decreasing 

sequence of both positive and negative numbers—there is a gap in 

the tune as x , in decreasing, passes through tiic value 0. 

The same sort of negligence in defining carefully the range of 

pci missiblc values which the variable or variables can assume—the 

domain of definition,” as it is frequently called—leads again to 

the paradoxical result that — 1 is greater than 1 in the following 
instance. (J) 

Considei the proportion ab--cd. It seems reasonable to 
assert that if the numerator of the first fraction is greater than that 
of the second, then the denominator of the first fraction must be 
greater than that of the second. That is, if a is greater than c , 
then b is greater than d (as, for example, in the proportion 
(•>/3 = 4/2). But now suppose that a = d = 1, and b = c = — 1. 
Then the proportion becomes 1/ — 1 = - 1/1, a proportion 
iiic Ii is unquestionably valid. But since the numerator 1 is 
guatci than the numerator— 1, we must conclude that the 
d( nominator 1 is greater than the denominator 1. In other 
words, 1 is both greater than — 1 and less than — 1 ! Here 
again we should have restricted <?, b> c, and d to either positive 
numbers or negative numbers, not a mixture of both. 

* * * 

Almost everyone who has been exposed to elementary algebra 
has at one time or other been exposed to a proof that 2=1. 
Such a proof is generally something of this sort: 

Assume that 

a = b. (1) 


Multiplying both sides by a , 

a 2 = ab. 

Subtracting b 2 from both sides, 

a 2 — b 2 — ab — b 2 . 

Factorizing both sides, 

(a -}- b) (a - b) = b(a - b) 

Dividing both sides by a — b. 


( 2 ) 


(3) 


(4) 


a -\- b = b 


(5) 
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If now we take a = b = 1, we conclude that 2=1. Or we can 
subtract 6 from both sides and conclude that a, which can be 
taken as any number, must be equal to zero. Or we can substitute 
b tor a and conclude that any number is double itself. Our result 
can thus be interpreted in a number of ways, all equally ridiculous. 

It may well be that we remember not only this sort of proof 

ut also the point at which the error occurs. It is in step ( 5 / 

where we divided both sides by a - b. Since a and b were 

originally assumed to be equal, we divided both sides by zero 

Now why, you may well ask, can't we divide by zero? The 

answer involves the notion of consistency, which we discussed 

briefly towards the end of Chapter 1. There it was pointed out 

that the mathematician asks only that his axioms lead to no such 

contradictions as that 2=1. Let us look at this question in a 
little more detail. 

Division in mathematics is defined by means of multiplication, 
lo divide a by b means to find a number x such that bx = a, 
whence x = a/b. If b = 0, there are two different cases to dis¬ 
cuss: that in which a is not zero, and that in which a is zero. 
Suppose we try to determine x in each of these cases. In the first 
we have x = a/0, or 0 . x = a. Now what number x, multiplied 
by 0, will give a, where a is any fixed number (not equal to zero), 
such as 3, or — 5, or ? Since any number multiplied by 0 is 0, 
there is no such number x. In the second case, where a is zero’ 
we have x = 0/0, or 0 . x = 0. Here any number x will do, since, 
as we have said, any number multiplied by zero is zero. Now the 
mathematician requires that the division of a by b yield a definite, 
unique (“ single ” is meant here—not “ unusual ”!) number as a 
result. And we have just seen that division by zero leads either 
to no number or to any number. Is it any wonder, then, that the 
mathematician has adopted the rule which some teachers refer to 
as the Eleventh Commandment, “ Thou shalt not divide by zero ” ? 

Here are some other fallacies, all based on the illegal operation 
we have been discussing. Can you find the trouble yourself? 
(You will find the solutions of all numbered paradoxes— Paradox 
1, Paradox 2, and so on—in the Appendix. This remark applies 
both to this chapter and to the next.) 

Paradox 1. To prove that any two unequal numbers 
are equal. <»'* 
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Suppose that 


where a b, and c are positive numbers. Then inasmuch as * is 

equal to b plus some number, a is greater than b. Multiply both 
sides by a — b. Then 


a 2 — ab = ab f- ac — b 2 — be. 
Subtract ac from both sides: 

— ab — ac = ab — b 2 — be. 

Factorize: 

a(a — b — c ) = b(a — b — c). 
Divide both sides by a — b — c. Then 


( 2 ) 

( 3 ) 

( 4 ) 


a = b. 

Thus a , which was originally assumed 
been shown to be equal to b. 



to be greater than b , has 


Paradox 2. 

ARE EQUAL. m 


To PROVE THAT AIL 


POSITIVE WHOLE NUMBERS 


Hy ordinary 1< 


ig division we 


have, for any value of *, 


x 






x 


1 


= X + 1 , 


A 3 — 1 o 

T =1 = * 2 + * + 

— T =**+ * 2 + * + 1, 


^TTi 1 + . . . at 2 -p * q- 1. 

Now in all of these identities let * have the value 1. The right- 
hand sides then assume the values 1, 2, 3, 4, . . «. The left- 

hand sides are all the same. Consequently 1 = 2 = 3 = 4 = 

• • • — 72. 
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can^vioT f H !'° llowi ^ ar S umcm shows how the axioms 
can be violated and the correct results still be obtained < 5 > 

J-et x have the value 3, so that 


1 


(1) 


( 2 ) 


6 . 


( 3 ) 


21 = 0 . 


0 . 


( 4 ) 

( 5 ) 


Adding 10 to the left-hand side only, 

x + 9 = 2. 

Multiplying both sides by at — 3, 

x 2 + Q X - 27 = 2x 
Subtracting 2x — 6 from both sides, 

X 2 4- Ax - 

Factorizing, 

(* + 7) (x - 3) 

Dividing both sides by at -f- 7, 

x — 3 = 0, or * = 3, 
which is the value originally assigned to x . 

* * * 

Division by zero is sometimes fairly well disguised. For 

example, in the theory of proportions it is easy to establish the 

fact that if two fractions are equal, and if their numerators are 

equal, then their denominators are equal. That is, from ajb = 

a/c it can be inferred that b = c. That this inference is not valid 

if a = 0 can be seen by running through the argument in the 
general case. Given 


( 6 ) 


a 


a 


b c 

Multiply both sides by be. Then 


ac = ab. 


Divide both sides by a: 


b. 


But if a = 0, then this last step involves division by zero. 

Consider the following problem in this light. (0) It is desired to 
solve the equation 


x -f 5 


5 = 


4x — 40 
13 — x 


(D 


X — 1 
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Combining the terms on the left-hand side, 


1 

• ■ 

1 

C/i 

1 

c /1 

< 

- 7) 4 A 

40 

(2) 

x — 7 

Simplifying, 

id 

• 

X 

4x 

- 40 4.v - 

40 

(3) 

7 

— x Id - 

* • 

* 

Now since the numerators in 

• X . a _ 

(d) are equal, so 

also are the de- 


7 ' > U\J13 it dUUUU{ X lO DOlIl 

sides, 7 — Id. 

It may well he argued, “ But how do we know that Ax - 40, 
the numerator on both sides of (3), is equal to zero?” This 
question brings up another point which was briefly noted at the 
beginning of the present chapter. There it was pointed out that 
the axioms cannot be applied blindly to equations without taking 
mto consideration the values of the variables for which the equa¬ 
tions are true. Thus equation (1), unlike the initial equations in 
I aradox _ above, is not an identity which is true for all values of 
a, but is an equation which is satisfied only for the value a: = 10. 

To verify this statement, clear of fractions in (3), getting sue- 

cess i vc I y 
* 

(Id - A*) (4.v - 40) = (7 - x) (4* - 40), 

(4* - -JO) (Id - a- - 7 -|- x) = 0, 

24(a - 10) = 0, 

* = 10 . 


Consequently the only value of x for which the equation is true 
is x = 10, and this reduces the numerators in (3) to zero. 

In the following three problems (7) we shall have occasion to 
use certain properties of proportions. We recall them now for 

our convenience. If ^ then it follows that 

7 $ 






_A_ 
<1 ~ P 


r 
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To prove the first, note that if 


,cP 


I 

then, 


subtracting 1 from 


both sides, - 

<1 


1 


can be proved similarly. 


r — 1, whence ^ 
J <7 


r - .s' 


1 lie others 


Paradox 1. 


Consider the 


proportion 


A -i- I 

x — 

1 


o. b -f- 1 

a -f- b 

1 * 


Applying property (A), we have 

a: + 1 — ( a + b_+ 1) 

x — 1 

— (a + b 

- 1) 

& d - b + 1 

a 

+ b — 1 

y 

or 

i 

<3 

I ' 

x — a 

— b 


a + b + 1 ~ 

a -j- b 

- I' 


And applying property (B), 

x d - 1 

a + b + 1 — (jc -f- 1) = 

a -f- b - 

X — 1 
- 1 - (X - 

- IV 

or 

X + 1 

x — 

1 


a + b — x ~ 

a -f- b - 

• 

— X 



In the first result the numerators are equal. So, then, arc the 
denominators. Hence a + b + 1 = a + b- 1, or + 1 = _ L 

In the second result the denominators arc equal. So, then, arc 
the numerators. Hence * + 1 = x — 1, and again | 1 = 1 1. 


Paradox 2. Suppose that 

3 x — b 3 a — 4b 
3x — 5 b 3 a — 8b' 

These fractions are obviously (?) different from unity. But if we 
apply property (C) we must conclude that 

3x — b — (3a — 4b) 3x — 3 a + 3b 

3x — 5b — (3a — 8b)’ or 3x — 3a + 3b’ or lj 

is equal to each of the original fractions. That is to say, 

3x — b 3 a — 4b 

3x — 5b = 3 a — 8b = L 
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Paradox 3. Consider the proportions 


O 


and 


A 

V - 


x — a -f- c l 
y — a -f- b e 

Applying property (C) to each, we have 
x — a — b c 

y — a \ b — c 


c 

b 


a 

a 


b 

f c 


b x 

and 

' y 


a — b 4- c 

a -f. b — c 


a -f b 
a ■ c 


Hcnee b/c and (a p b)/(a r c) arc each equal to a third fraction 
without being equal to each other. 


Before wc leave the subject of equations which arc not identi¬ 
ties, let us look at an example or two of the way in which hidden 
contrac ictions in the equations can bring about contradictions in 
their solution. We had the very obvious case at the beginning of 
t ns < laptcr ol the system of two simultaneous equations in two 



l-'io. 61. The graphs of x +y = 1 and x+^=2arc parallel straight lines and so 

have no points in common 

unknowns, x -\-y = 1, x y — 2. It was pointed out at the 
time that there are no values of x and^ for which x -f -y is equal to 
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not quite so obvious ^ 15 CXam P le whicl > - 

2x +-r = 8 > ( 1 ) 

y 


i 

i 


2 — 


( 2 ) 


Substitute (2) in (1). It follows that 4 -j, + , = g or 4 = 8 
frartf SCWer /o? e tr ° Uble here k is onI V necessary to clear of 

seen to b«" ‘ ^ '° b ° ,h T "' “,L„ 



8 ; 

4. 


(1) 

( 2 ) 


knoto'“ X t ] 1 e Th 'i/' ,ll "' V,n ‘ ;: >yS , ,em ° f i> of what is 

method of solving such°alystem. W ' “»» ““*■ 


J 2x 2 — 3 xy + j> 2 
[ x 2 + 2*y - 3y2 


4; 

9. 


( 1 ) 

( 2 ) 


Multiply both s ;des of (1) and (2) by 9 and 4 respectively. Since 

left f, CSU rl rj S h P;^ ancl sides are equal, so also are the resulting 
left-hand sides. That is to say, g 


Simplifying, 


Factorizing, 


9(2*2 _ 3*y +J,2) = 4(*2 + 2xj - 3j,Z). 
2* 2 — 5xy + 3 y 2 = o 


0 . 


(2* — 3y) (* — jy) = 

Now the product of two factors will be zero if either of the factors 
is zero. Hence 


2x — 3y == 0 or x —y -*= 0. 

Each of these equations is to be solved simultaneously with either 

i Substituting = 2*/3 in either, we obtain the 

correct solutions * = 3, y = 2, and * = - 3, y = - 2. But if 

we substitutes = * in (1), we get 0 = 4; in (2), 0 = 9. 
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Using an argument which involved division by zero, we have 
already proved that any two unequal numbers are equal to each 

other (Paradox 1, page 79). Here is a different proof of the same 
proposition. (9) 

Let a and b be two unequal numbers, and let c be their arith¬ 
metic mean, or average (for example, if a = 2 and b = 4, then 
C - [a + b)l 2 = 3). Then 



Multiply both sides by a — b: 

•> i *> 

a — b- 


\Lac 


2 be. 


( 2 ) 


Add b 2 — 2 ac f- c 2 to both sides: 

* 2 - 2 ac -r c 2 b 2 - 2 be + c 2 . (3) 

both sides of (3) are now perfect squares and can be written in 
the form 

(a — c ) 2 = ( b-c) 2 (4) 

Like the square root of both sides. Then 


or 



(5) 

( 6 ) 


We started with the assumption that a was not equal to b and have 
come to the conclusion that a is equal to b. 

I he difficulty is again one which was mentioned briefly at the 
beginning of this chapter. That is, in the extraction of a square 
root both signs must be taken into consideration, and the one 
which leads to a contradictory result sucli as ours must be re¬ 
jected. In passing from step (4) to step (5), only the positive 
signs were used. Had we written (5) as a — c = — (b — r), we 
should have obtained our original expression, a -f b = 2c. The 
whole argument was purposely made somewhat involved. It 
could have been done more obviously in this manner: 


ci -\- b — 2c, 
a — c = c — b y 
(a-c) 2 = (c — b) 2 y 

= (b - r) 2 , 


a — c = b — c, 
a — b. 
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Paradox. To prove that h = n }- ] 

For any value of n , tlie identity 

(* + l) 2 = n 2 + 2/I+1 

is true. Subtracting 2 /z + 1 from both sides, 

(* + l) 2 - ( 2 n + 1 ) = «« 

Subtracting w( 2 « + 1 ) from both sides, 

(” + ! ) 2 ~ ( 2n + 1) - »(2« + 1) = ;z 2 - «(2/i + 1). 

Adding (2 72 + 1) 2 /4 to both sides, 

(* + !) 2 - (* + 1) (2n + 1) + 

= k 2 -k(2* + 1) + (2 ”+ 

Both members are now perfect squares, and can be written 

[(„+„-(?£(2^->) ]'. 

Extracting the square root of both sides, 

" + ' - (rr 1 ) = ■ - (-F) • 

or, adding (2 n + l)/2 to both sides, 


(1) 

( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 


72 + 1 = 71 . 

* * * 

If we think hard enough, we shall perhaps recall that in addi¬ 
tion to the axioms concerning equalities, we once had to memorize 
a number of axioms concerning inequalities. They went somc- 
thing like this, did they not: <c Unequals plus or minus equals are 
unequal irr the same order; unequals multiplied or divided by 
equals are unequal in the same order;” and so on? Did some¬ 
one say that the divisors must not be zero? Good. But does 
anyone remember any other condition we put on that same 
axiom? No one? Well, it’s going to turn up in just a moment. 
First let us recall the symbols used. “ a > b” means “ a is 
greater than b < b means “<z is less than b .” And now 

to our business. (ll) 

R.M.-4 
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Assume that n and a are both positive integers. Then certainly 

2n — 1 < 2 n. (1) 

Multiply both sides by — a. Then 

— 2 an -f - a < — 2 an. (2) 

Add 2 an to both sides: 

cl <c 0. (3) 

But this means that a , which we specified was positive, is negative. 
Now does anyone remember that additional condition? Right! 
It is to the effect that the quantities by which we multiply or 
divide both sides of an inequality shall be positive , and we multi¬ 
plied by a negative number in step (2). Try the next two 
problems yourselves. 

Paradox 1. To prove that any number is greater than 

ITSELF. 

Assume that a and b are positive, and that 

a > b. (1) 

Multiplying both sides by b , 

ab > b 2 . (2) 

Subtracting a 2 from both sides, and factorizing, 

a(b — a) > (b -f a) (b — a). (3) 

Dividing both sides by b — a, 

a > b -f- a. (4) 

Then since b is positive, not only is a greater than itself, but 
greater than any number greater than itself! 

Paradox 2. To prove that J > J. 

We must make use here of the following property of loga¬ 
rithms: n log ( m ) = log (m) n . We start with the inequality 


3 > 2. 


(i) 
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Multiply both sides by log (£). Then 


or 

Whence 


3 . log (i) > 2. log (A), 
io g (i) 3 > log (i) 2 . 

(i) 3 > (i) 2 , or l > a 
* * * 


( 2 ) 

(3) 


A number of fallacious results arise in connection with imagin¬ 
ary numbers—that is to say, square roots of negative numbers. 
The term “ imaginary ” is unfortunate, but it is a term which has 
stuck with such numbers since they were first introduced. Until 
the beginning of the seventeenth century mathematicians worked 
for the most part with positive numbers only. Negative numbers 
were called “ absurd ” and “ fictitious,” and imaginary numbers 
were generally rejected as impossible. Actually, the number 
V — 1 is no more imaginary than the number — 1, which in turn 
is no more imaginary than the number 1. The concept of num¬ 
ber is a complex one,' 1 *' and we have no time to follow its com¬ 
plexities here, although we shall do so, in a small way, in Chapter 
7. But as far as practicability is concerned, imaginary numbers 
have been found to be indispensable in such things as the de¬ 
velopment of communication by radio, telegraph, and telephone, 

and in the development of modern electrical methods of prospect¬ 
ing for oil. 

Imaginary numbers arose from the demand of the mathe¬ 
matician that the equation x 2 = a should always have a solution. 
Thus, if x 2 = 1 has a solution, why not x 2 = — 1 ? The square root 
of — 1 is defined in the same way asthe square root of any positive 
number. That is to say, V — 1 is that number which, when 
squared, gives — 1. (Compare with a/ 4, or 2, which, when 
squared, gives 4.) The square root of any negative number 
such as — a (where a is positive) can be written as the real 
number, y/~a, times V — 1, and for convenience V — 1 is usually 
denoted by i. Thus 

a/ — a = a/ — 1 . \Az = iy/~a. 

Here we shall, for simplicity’s sake, restrict our attention to 
positive square roots. 

A contradiction which every student runs into, when he is first 
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9° 

introduced to imaginaries, occurs when lie attempts to apply to 
them the usual rules for the multiplication of radicals. He has 
learned that y/ a . y/ b = y/ ab. For example, y/ 2 . y/ 3 = \/ r 6- 
But this gives 

V -1 . = V (- 1) (- 1) = y/1 = 1; 

whereas, by definition, y/ — 1 . v / — 1 = — 1. Hence — 1 = 
• 1. The only way out of this difficulty is to agree not to apply 
the ordinary rules for radicals to imaginary numbers. The 
difficulty is generally avoided by writing i for y/ — 1 and replac¬ 
ing / 2 , wherever it appears, by — 1, its true value by definition. 


Paradox 1 . A second proof (13) that — 
We have, successively, 

V IT i = a/ -Zl, 


1 = + 1 


v/A- \/-r. 

V 1 _ y/- 1 

V - 1 Vi ’ 

V \. Vi = V— i ■ \/—1> 

l = — l. 


(1) 

( 2 ) 

(3) 

(4) 

(5) 


Paradox 2. A third proof 1141 that — 1 = + 1. 

Consider the following, which is an identity for all values of 


x and y : 




y/ x — y = i V y — x. 

(i) 

Substituting .v 

= a y y = b , 



V a — b — i V b — a. 

(2) 

Substituting * - 

= b y y = a y 



< 

i 

0 

il 

** • 

< 

1 

& 

1 

• 

(3) 

Multiplying (2) by (3), 


l ^ 
> 

— b . V b — a — i 2 . y/ b — a . V a b. 

(4) 

Dividing both sides by y/ a — b and V b — a , 



1 •*> 

1 = Z“, 

(5) 


or 

1 = — 1 . 



CHAPTER SIX 


SEEING IS BELIEVING—PERHAPS 

(Geometrical Fallacies) 


'"T''HE fallacies of geometry are more remarkable than those of 

X algebra in at least one respect, for the deception is not only 

o the mind, but of the eye as well. The diagrams in Figure 18 

at the beginning of Chapter 4 showed how easy it is for the eye to 

mislead the mind. The examples in the last chapter furnished 

scant material for the eye, but did reveal that care must be used 

if the mind is not to lead itself astray. Formal deduction in 

geometry is to some extent a combination of seeing and reasoning, 

for in the proof of any theorem the logical processes of the mind 

are guided by and checked against what the eye sees in the 
figure. 

It may be of interest to note that Euclid compiled a collection 

of exercises for the detection of fallacies, but unfortunately this 
work has been lost. (1) 

* * * 

As our first example of one type of fallacious geometrical 
reasoning we shall carry through a complete discussion of this 
remarkable theorem: 


To PROVE THAT ANY TRIANGLE IS ISOSCELES. (2) 

Let ABC be any triangle, as in Figure 62(a). Construct the 
bisector of AC and the perpendicular bisector of side AB. 
From G, their point of intersection, drop perpendiculars GD and 
GF to AC and BC respectively and draw AG and BG. Now in 
triangles CGD and CGF, A l = Z2 by construction and 
A3 = A4 since all right angles are equal. Furthermore the 
side CG is common to the two triangles. Therefore triangles 
CGD and CGF are congruent—can be made to coincide, that is. 
(If two angles and a side of one triangle are equal respectively to 
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two angles and a side of another, the triangles are congruent.) 
It follows that DG = OF. (Corresponding parts of congruent 
triangles are equal.) Then in triangles GDA and GFB , Z.5 and 
Z.(S arc right angles and, since G lies on the perpendicular 
bisector of AB, AG — GB. (Any point on the perpendicular 
bisector of a line is equidistant from the ends of the line.) There¬ 
fore triangles GDA and GFB arc congruent. (If the hypotenuse 
and another side of one right triangle are equal respectively to the 
hypotenuse and another side of a second, the triangles are 

C 



congruent.) From these two sets of congruent triangles— CGD 
and CGF, and GDA and GFB —we have, respectively, 

CD = CF (1) 

and 

DA = FB. (2) 

Adding (1) and (2), we conclude that CA = CB y so that triangle 
ABC is isosceles by definition. 

It may be argued that we do not know that EG and CG meet 
within the triangle. Very well, then, we shall examine all 
other possibilities. The above proof, word for word, is valid in 
the cases wherein G coincides with E y or G is outside the triangle 
but so near to AB that D and F fall on CA and CB and not on 
CA and CB produced. These cases are illustrated in Figures 
62(b) and (c). 

There remains the possibility, shown in Figure 62(d), in which 
G lies so far outside the triangle that D and F fall on CA and CB 
produced. Again, as in the first case, triangles CGD and CGF 
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arc congruent, as are triangles GDA and GFB. And again 
CD = CF and DA = FB. But in the present case we must 
subtract these last two equations in order to have CA = CB. 

Finally, it may be suggested that CG and EG do not meet in a 
single point G> but cither coincide or arc parallel. A glance at 
Figure 62(e) shows that in cither of these cases the bisector CP of 
angle C will be perpendicular to AB, so that Z7 = Z.8. Then 

C 



Pig. 62(c) 


Z.1 = Z.2, CP is common, and triangle APC is congruent to 
triangle BPC. Again CA = CB. 

It certainly appears that we have exhausted all possibilities and 
that we must accept the obviously absurd conclusion that all 
triangles arc isosceles. There is one more case, however, which 
may be worth investigating. Is it not possible for one of the points 
D and F to fall inside the triangle and for the other to fall outside ? 
A correctly drawn figure will indicate that this possibility is 
indeed the only one. Furthermore we can prove it as follows. 

Circumscribe a circle about the triangle ABC , as in Figure 
62(f). Since Z.1 = Z.2, CG must bisect arc AB. (Z.1 and Z.2 
are inscribed angles and, being equal, must be subtended by 
equal arcs.) But EG also bisects arc AB. (The perpendicular 
bisector of a chord bisects the arc of the chord.) It follows that 
G lies on the circumscribed circle and that CAGB is an inscribed 
quadrilateral. Now LCAG -f- A.CBG is a straight angle. 
(The opposite angles of an inscribed quadrilateral are supple¬ 
mentary.) But if Z.CAG and /.CBG were both right angles, 
D and F would coincide with A and B respectively; so the con¬ 
clusion that CD = CF (a conclusion established in the first case) 
would reduce to CA = CB , which is contrary to our hypothesis 
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lult 1S an y triangle. Consequently one of (lie angles CAG 
and CBG must be acute and the otlicr obtuse, which means that 
either D or F {D in the figure) must fall outside the triangle and 



Fig. 62 (f; 

the other inside. The relations CD = CF and DA -= FB arc 
true here, as they were in all of our other cases. But whereas 
CB = CF -f FB , we now have CA = CD — DA , not CD + DA. 

This discussion has been lengthy, but it should have been 
instructive. It shows how easily a logical argument can be swayed 
by what the eye sees in the figure and so emphasizes the import¬ 
ance of drawing a figure correctly, noting with care the relative 
positions of points essential to the proof. Had we at the start 
actually constructed—by means of ruler and compasses—the 
angle bisector and the various perpendiculars, we should have 
saved ourselves a good deal of trouble. 

The following five fallacies are all concerned with the same 
pitfalls as the one we have just worked over in detail. Watch 
your step! 

Paradox 1. To prove that there are two perpendicu¬ 
lars FROM A POINT TO A LINE. (S) 

Let any two circles intersect in Q and R. Draw diameters 

QP and QS and let PS cut the circles at M and W respectively, as 

in Figure 63. Then Z.PNQ, and /.SMQ are right angles. (An 
r.m.— 4* 
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Fig. 63 


angle inscribed in a semicircle is a right angle.) Hence QM and 
Q.N arc both perpendicular to PS. 

Paradox 2. To prove that a right angle is equal to an 
oirrusE angle. (4) 



P 

Fio. 64 


Let ABCD be any rectangle. Following Figure 64, draw 
through B a line BE outside the rectangle and equal in length to 
BC (hence to AD). Construct the perpendicular bisectors of 
DE and AB. Since these lines are perpendicular to non-parallel 
lines, they must meet, as at P. Draw AP y BP, DP, and EP. In 
triangles APD and BPE, AD = BE by construction. Also AP = 
BP and DP = EP. (Any point in the perpendicular bisector of a 
line is equidistant from the ends of the line.) Since the three sides 
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of triangle APD are equal respectively to the three sides of triangle 
BPE, these triangles are congruent. Hence 


But 


A DAP = A EBP. 



Al = A2. 



(Angles opposite the equal sides ol an isosceles triangle are 

equal.) Subtracting (2) from (1), we conclude that AD AG 

(given a right angle) is equal to AEBO (an obtuse angle by 
construction). 


Paradox 3. To prove (6) that 45° = 60°, or that 3 = 4. 

On side AB of equilateral triangle ABC as hypotenuse construct 
an isosceles right triangle ABD. We shall prove that A ABC , 
which is 60°, is equal 
to A ABD, which is 45 °. 

On BC lay off BE 
equal to BD. Mark 
F, the mid-point of 
AD, and through E 
and F draw a line 
which intersects BA 
produced in G. Draw 
GD. Then construct 
the perpendicular bi¬ 
sectors of GE and GD. 

Since GE and GD are 
not parallel, the per¬ 
pendicular bisectors 
must meet at some 
point, say K. Con¬ 
nect K with G, D, E, 
and B. Our main job 
now is to show that 
triangles KDB and 
KEB are congruent. 

Note first that KG = 

KD and KG = KE. (Any point in the perpendicular bisector of 
a line is equidistant from the ends of the line.) Hence KD = 
KE. Furthermore, BD = BE by construction, and BK is a 
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common side. Therefore triangle h'DB is congruent to triangle 
hEB y whence /-KBD — LhBK. If now we subtract the 
common portion LhBA from each ol these angles, we must 
conclude that LABD Z. ABC , or that 45° = 60°, or that 3 = 4. 

Paradox 4. To prove that if two opposite sides of a 

QUADRILATERAL ARE EQUAL. THE REMAINING TWO SIDES MUST BE 
PARALLEL.*®* 



1 i<;. 

Su])j)osc the quadrilateral is ABCD , as shown in Figure 66(a), 
with AD = BC. We shall prove that AB is parallel to DC. 
Erect the perpendicular bisectors of AB and DC. (In the figure, 
P and arc the mid-points of DC and /Irrespectively.) If the 
perpendicular bisectors coincide or are parallel, then AB and DC , 
being perpendicular to the same line or to parallel lines, will be 
parallel, and the theorem is proved. So let us suppose that they 
meet at O. Draw OD , OC, OA y and OB. 

Now triangles DPO and CPO are congruent, since PO is 
common and, by construction, DP = PC and Z.DPO = /.CPO. 
(If two sides and the included angle of one triangle are equal 
respectively to two sides and the included angle of another, the 
triangles arc congruent.) Therefore DO = CO. In precisely 
the same manner triangles AQO and BQO are congruent and 
AO = OB. Also AD was given equal to BC. Therefore 
triangles AOD and BOC are congruent. (If the three sides of 
one triangle are equal respectively to the three sides of another, 
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the tnangles are congruent.) It follows from the congruence of 
triangles DPO and CPO that Zl = Z2, and from the congru¬ 
ence of triangles AOD and HOC that Z3 = Z4. Hence Zl + 

f ^ Z2 + ^ 4 - But ^ OR is the extension of PC), then 

A + ^3 + Z.AOR = Z2 Z4 |- /.BOR because each of 
these sums is equivalent to a straight angle. Subtracting the 

°* 1 icse i ast two equations from the second, Z A0R 
Z.BOR. That is, PO extended bisects /.AOB. On the other 
hand, from the congruence of triangles AQO and BOO it is 
evident that OQ. bisects /.AOB. Therefor c PR and 00 must 

coincide, in which case AB and DC are both perpendicular to the 
same straight line and so must be parallel. 


O 



Fig. 66(b) 


If O lies outside the quadrilateral, as in Figure 66(b), we have 

/-\ = Z.2, /_ 3 = Z4 precisely as before. But now Zl — 

Z3 = Z2-Z4, or /.AOP = /.BOP. That is, OP again 

bisects /.AOB. But, as before, so also does OQ,. Therefore 

OP and OQ.coincide and again AB is parallel to DC. 

Finally, if 0 and P coincide, then by reasoning similar to what 

has gone before it is easy to show in Figure 66(c) that Z 3 = Z4 

and that Z5 = Z6. Consequently Z3 + Z5 = Z4 -j- Z6, or 

OQ. is perpendicular to DC as well as to AB. Again AB and 

DC are parallel. A similar argument holds if O and Q. 
coincide. 
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Fig. 66(c) 


Paradox 5. To prove that every point inside a circle 

MUST LIE ON THE CIRCUMFERENCE OF THE CIRCLE. <7) 

Let B be any point within the circle 0 of Figure 67. Through 
B draw diameter AC. Now find point D on AC produced so that 
D divides AC externally in the same ratio that B divides AC 
internally—in other words, so that AB/BC = AD/DC. Erect 
QP, the perpendicular bisector of BD , and draw OP and BP. 


Fig. 67 


If r denotes the radius of the circle, then AB - 
BC — r — OB , AD = OD -f- r, and DC = OD — r. 
portion AB/BC = AD/DC can then be written 

r 4- OB OD -1- r 
r — OB ~ OD - r 

Clearing of fractions, 

(r + OB) (OD - r) = (r — OB) (OD + r). 


- — r -f- OB, 
The pro- 


(1) 

( 2 ) 




IOI 


(3) 

(4) 

( 5 ) 
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Multiplying out and simplifying, 

OB . OD = r 2 . 

Now from the figure, 

OB = 0Q-BQ, 

and 

OD = 0Q + QD. 

But since Q, bisects BD, QD is equal to BQ, so that (5) can be 
written in the form 

OD = 0Q+ BQ. (6 ) 

Multiplying (4) by (6) and substituting r 2 for OB . OD on the left, 

r 2 = ~OQ} - BQ 2 (7) 

Applying the Pythagorean theorem (the square of the hypotenuse 
of a right triangle is equal to the sum of the squares of the other 
two sides) to triangles OQP and BQP, we have 

0P 2 = 


BP 2 


Subtracting (9) from (8), 


OP 2 _ B p2 


But OP 


BP 2 


O0J+ QP*, 

(8) 

BQ?+ QP 2 . 

(9) 

2 = OQJ — BQ 2 . 

(10) 

can be written 


= OQ} — BQ}. 

(H) 


Now replace the right-hand side of (11) by its value given in (7). 
Then 

_ 


or 


whence 


BP 2 


BP 2 = 0, 
BP = 0. 


But if BP = 0, it follows that B and P must coincide, so that B, 
given as any interior point of the circle, must lie on the circumfer¬ 
ence of the circle. 

* * * 

The following group of problems is concerned with a type of 
fallacy which we discussed at length in Chapter 5. We shall 
perhaps recognize the error when it turns up. Consider the 
following theorem. 
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To PROVE THAT TWO UNEQUAL LINES ARE EQUAL. 


c 



Let ABC be any triangle and draw any line Pd parallel to AB. 
Then triangles ABC and PQC arc similar. (If a line is drawn 
parallel to one side of a triangle and intersecting the other two 
sides, it cuts off a triangle similar to the given one.) Conse¬ 


quently 


. 1B AC; 
Pd : PC' 



(The corresponding sides of two similar triangles are proportional 
by definition.) That is, 

AB . PC = AC . Pd- ( 2 ) 


Multiply both sides by AB — Pd : 

AB 2 . PC - AB . PC . Pd = AB . AC . Pd - PQ? • AC - ( 3 ) 

Add AB . PC . Pd to both sides and subtract AB . AC . from 
both sides: 

AB 2 . PC - AB . AC . PCL = AB . PC . Pd — PQ? • ( 4 ) 

Factorize: 

AB(AB . PC - AC. Pd) = Pd( A B • PC - AC . Pd)- ( 5 ) 
Divide both sides by AB . PC — AC . Pd- Then 

AB = Pd- ( 6 ) 

This proof is perhaps rather convincing. The figure is so 
simple that no error can lie in that direction, and the logical 
argument is straightforward enough to be—Oh, has someone 
found it? Correct! It’s our old friend (or fiend), division by 
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zero. In step (2) we established the fact that AB . PC = 
AC . PQ, and in step (6) we divided both sides of the equation by 
the difference of these two equal quantities. 

Some of us may have found this example a little obvious. 
What can those people say for the next two? 


Paradox 1. To prove that a 

PART OF ITSELF. (9) 


LINE SEGMENT IS 


EQUAL TO 


C 



In any triangle ABC , suppose that angle A is acute and that 
angle C is greater than angle B. (These suppositions in no way 
restrict the choice of a triangle, but merely constitute directions 
for lettering Figure 69.) Construct jLACD equal to Z.B and 
draw CE perpendicular to AB. We shall prove that AB = AD. 

In triangles ABC and ADC , /.A is common, and /LB — 

Z.ACD by construction. The triangles are therefore similar. 
(If two angles of one triangle arc equal respectively to two angles 
of another, the triangles arc similar.) It follows that 

A ABC _ CB 2 
A ADC ~ CD 2 ' 

(If two triangles are similar, their areas are to each other as the 
squares of any two corresponding sides.) Moreover, since CE is 
the common altitude of the two triangles, 

A ABC _ AB 

A ADC ~ AD ' { J 

(The areas of two triangles with equal altitudes are to each other 
as their bases.) From (1) and (2) it follows that 

CB 2 AB 


CD 2 AD' 


(3) 



!°4 
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Multiplying both sides of (3) by CD 2 and dividing both sides by 
AB, 


CB 2 
AB 


CD 2 
A D ‘ 


(4) 


N T f)\v a theorem which is not included in all elementary texts on 
plane geometry is the following: In any triangle the square of the side 
opposite an acute angle is equal to the sum of the squares of the other two 
sides minus twice the product of one of these sides times the projection of the 
other upon it. (In the figure AE is the projection of AC on AB. 
Inc identally, this theorem is the basis of the law of cosines in 
trigonometry.) Applying this theorem to each of the triangles 

ABC, and ADC , we can substitute for CB 2 and CD 2 in (4) as 
follows: 

'AC 2 1 AB 2 ~ 2 AB . AE AC 2 a. AD 2 _ 2An . AF. 

w) 


AC 2 a. AD 2 - 2 AD . AE 
AB AD 

Carrying out the indicated division, we can write (5) in the form 


AC 2 

AB 


AB - 2 AE = 


AC 2 

AD 


4 — 


AD - 2 AE. 


( 6 ) 


Adding 2 AE to both sides and subtracting AB and AD from both 
sides, 


AC 2 /1C 2 f/? 

;rs ~ AD = AD ~ AB > 


(7) 


or 


( 8 ) 


AC 2 - /!£ . ^17) = /IC 2 - A D 

AB ~ AD 

Since the numerators of the fractions in (8) are equal, so also are 
the denominators. That is, AB = AD. 


Paradox 2. To prove that the sum of the two parallel 

SIDES OF a TRAPEZIUM IS ZERO. (10) 



Fio. 70 
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Denote the parallel sides of trapezium ABCD by p and q as 
shown in Figure 70. Produce DC a distance q to F, and BA a 
distance p to E. Draw EF, DB , and AC; and denote AC, GH, 
and HC, the segments into which AC is divided, by r , j, and t 
respectively. 

In triangles ABH and CDH, A.HAB = Z.HCD and Z.HBA 
= EHDC . (If two parallel lines are cut by a transversal, the 
alternate interior angles are equal.) Hence triangles ABH and 
CDH are similar. (If two angles of one triangle are equal 
respectively to two angles of another, the triangles are similar.) 
Therefore 

DC HC p t 

AB — HA’ ° r q~ r + s' ^ 

(By definition, the corresponding sides of two similar triangles are 
proportional.) In exactly the same way it can be shown that 
triangle EAG is similar to triangle FCG and that 

AE AG p r 

CF = GC’ or q = r+T ( 2 ) 

From (1) and (2) it follows that 


p t _ r 

q r s s -\- t' 



Now apply to the second and third members of (3) one of the 
properties of proportions listed in Chapter 5. (Property C, page 
82.) This operation gives 


p t — r _ t — r _ — (r — t ) 

q r s — {s t) ~~ r — t ~ r — t 



From (4) we conclude that p = — q, or that p -f- q = 0. In 
other words, the sum of the sides DC and AB of trapezium 
ABCD is zero. 

* * * 


A great deal of unnecessary writing is avoided in mathematics 
by the use of reasoning by analogy. We made legitimate use of 
this type of argument in step (2) of the last example when we said, 
“ In exactly the same way it can be shown that . . .” But care 
must be used in applying it. Witness the following theorem: 


To prove (11) that V« + v b = \/2(a + b). 

In triangle ABC of Figure 71 denote by h the altitude from C 
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to AB, and by p and q the segments into which AB is divided by 

the altitude. Now construct a line h' so that it will be parallel to 

h and will divide the triangle into two parts of equal area. Call 

the segments into which AB is divided by this line at andj- respect- 
ively. Then 

2 . aAED = A ABC. (1) 

Since the aic<i of a tiianglc is equal to one half tlie base times the 
altitude, (1) can be written 

2 . \xh' -= \{p + q)h. (2) 

Now triangle AEI) is similar to triangle AFC. (If a line is drawn 
parallel to one side of a given triangle and intersecting the other 


C) 



Fig. 71 


two sides, it cuts ofFa triangle similar to the given one.) 
quently 

F _ x 

h ~p 


Conse- 



(By definition, the corresponding sides of two similar triangles are 
proportional.) Solving (3) for h' and substituting in (2), 



= £(/> + q)h* 



Dividing both sides of (4) by //, multiplying both sides by p> and 
extracting the square root of both sides, 
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(Here we are justified in taking only the positive sign with the 

square root, since a* is a segment of positive length.) Now y bears 

the same relation to q that .v bears to p. By similar reasoning 
then, we have 

y = \/ q(P 2 q) - ( 6 ) 

Adding (5) and (6) and replacing x + y on die left by p + q (each 
of these quantities is identical with AB , the base of the original 

t n o /vl ' 


triangle), 


P + q 




/ <t(P 


') 


= Vp + <?( /y/| + zy/|). (8) 

Dividing both sides of (8) by V p + q , 

VJ~+~q = 1 . ( 9 ) 

Finally, substituting 2 a for p and 2b for q y 

V 2 (a + b) = y/~a -f V b. 

This result, of course, is ridiculous. The error occurred in 
step (6). We cannot reason about y as we did about a. We 
made use in (2) and (3) of the fact that x is the base of a triangle 
similar to triangle ABC , and y does not enjoy this property. In 
other words, y does not bear the same relation to q that x bears 
to p. 

Reasoning by analogy is safe enough if properly used, but even 
outside the field of mathematics it can lead, if misused, to results 
which are not only absurd, but sometimes disastrous. 

* * * 

We conclude this chapter with two fallacies for those of us who 
have studied solid geometry. 


Paradox 1. To prove (12) that the sum of the angles of 

A SPHERICAL TRIANGLE IS 180°. 

Let ABC be any spherical triangle. Choose any point P inside 
the triangle and pass great circles through P and A, B, and C 
respectively, dividing the original spherical triangle into three 
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smaller ones. (See Figure 72.) Now call the sum of the angles 
of any spherical triangle Then the sum of the angles of the 
tlircc small triangles is Included in this sum is the sum of the 

angles about the point P , or 360°. But the sum of the angles of 
triangle ABC is equal to the sum of the angles of the three small 
triangles minus the sum of the angles at P. That is, * = 3x — 
360, whence 2.v = 360, or a - — 180. This conclusion contradicts 


C 



a well-known theorem to the effect that the sum of the angles of a 
spherical triangle can be anything between 180° and 540°. 

Paradox 2. To prove that from a point outside a plane 

AN INFINITE NUMBER OF PERPENDICULARS CAN BE DRAWN TO THE 
PLANE. (,3) 


P 



Fig. 73 
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In Figure 73 let P be any point outside of plane in. Choose 
any two points A and B in the plane, and on PA and PB as 
diameters construct two spheres. These spheres will intersect 
the plane m in two circles. (The intersection of a plane and a 
sphere is a circle). And these two circles will intersect at two 
points, say C and D. Draw PC, PD, AC, AD, BC, and BD. 

Now think of a plane passed through P, A, and C. (Three 
points determine a plane.) This plane will intersect the sphere 
about PA in a circle, so that Z.PCA will be inscribed in a semi¬ 
circle. Hence Z.PCA is a right angle. (An angle inscribed in a 
semicircle is a right angle.) jLPCB is a right angle for the same 
reason. Therefore PC is perpendicular to both CA and CB , 
and so perpendicular to plane m. (If a line is perpendicular to 
each of two intersecting lines at their point of intersection, it is 
perpendicular to the plane of the two lines.) In exactly the same 
way it can be shown that PD is perpendicular to both DA and 
DB, and so perpendicular to plane m. But since there are an 
infinite number of choices for A and B, and since to each choice 
correspond two perpendiculars, there must be an infinite number 
of perpendiculars from P to m. 


CHAPTER SEVEN 


OUTWARD BOUND 


(Paradoxes of the Infinite) 


F OR well over two thousand years mathematicians have been 
struggling with the infinite. They cannot afford to disregard 
it, for it is indispensable in much of their work. Yet in their 
attempts to understand it and to use it, they have run up against 
many contradictions. Some of these they have been able to over¬ 
come, while others arc still causing them trouble. Indeed, the 
paradoxes enunciated by Zeno of Elea in the fifth century b.c. 

have never been settled to the complete satisfaction of all mathe¬ 
maticians. 

1 he infinite is an insidious sort of monster. It often turns up 
when least expected—when one’s back is turned, so to speak. 

I hen, too, it is sometimes difficult to recognize, for there is more 
than one breed of' the monster. There is the infinite in algebra, 
the infinite in geometry, the infinitely small, the infinitely large, 
and so on. Again, there is not only one infinite, but a whole 
hierarchy of infinites. 

In a single chapter we cannot hope to cover material which lias 
filled entire volumes. We shall go into the subject just far enough 
to be able to appreciate some of its remarkable paradoxes. 
Whenever possible, the reader will be referred to more detailed 
treatments of the various topics we discuss here. 

* * * 


The Infinite in Arithmetic 

First let us consider what we shall mean by an infinite class, or 
group, or collection of things. For present purposes the following 
intuitive and rather loose definition will do. “ An infinite class 
is one whose members cannot be counted in any finite period of 
time, however long.” Incidentally, we shall assume that the 
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counting proceeds at a uniform rate—one member a second, let 
us say. Some of us will object to this definition on tlie ground 
that we use the finite to define the infinite, but we shall have to 
agree that everyone knows what “ a finite period of time ” means. 

We must not confuse the infinite with the very large finite. Think, 
for example, of the number of inhabitants of the earth at any 
particular instant, or the number of leaves on all the trees of the 
earth at any instant, or the number of blades of grass on the earth 
at any instant. These are all very large numbers, yet they are 
finite. That is to say, given sufficient patience and man-power, we 
could set out to count the members of these large classes with the 
assurance that we could finish the job. Some twenty-one cen¬ 
turies ago Archimedes showed that he was able to distinguish 
between the infinite and the large finite when he estimated the 
number of grains of sand required to fill the then known universe. 

Where are we to find an example of an infinite class? Cer¬ 
tainly not in our world of physical experience, which after all is a 
finite world. But wait. We have just spoken of counting the 
members of a large collection. What of the collection consisting 
of the very numbers with which we count—the so-called “ natural 
numbers? ” Here is a class which fulfils the requirements of our 
definition. For if we set out to count the natural numbers, 
1, 2, 3, 4, 5, . . ., can we not do so with the assurance that if we 
continue until we die, and pass the job on from generation to 
generation, neither we nor any of our descendants will ever 
exhaust the supply? The natural numbers, then, provide us 
with an infinite class with which we are fairly familiar. 

Before going any further, let us examine a few other examples of 
infinite classes, noting that they all arise out of the fundamental 
natural numbers. In each case the dots signify, of course, that 
the sequence goes on indefinitely, that is, without end. 

(1) All values of n 2 , where n is a natural number: 

1, 4, 9, 16, 25, 36, 49, 64, . . . 

(2) All values of-, where n is a natural number: 

11111111 

1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 , ‘“* 

(3) All values of 2 n , where n is a natural number: 

2, 4, 8, 16, 32, 64, 128, 256, . . . 
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(4) All values of ^ , where n is a natural number: 

1111111 1 

2’ 4’ 8’ 16’ 32’ 64’ 128’ 256’ * * * 

All of these classes have the property that their members cannot be 
exhausted by counting over any finite period of time, however 
long. 

* * * 

We are now in a position to consider the first of the paradoxes 
of Zeno, mentioned briefly at the beginning of this chapter: 
Motion is impossible. The conclusion is startling, we must admit. 
And the argument is rather convincing. Let’s look at it. 

Io go from any point P to another point Q, we must first go 
hall the distance from P to £),, then half the remaining distance, 
then half the distance then remaining, then half the distance then 
remaining, and so on. The “ and so on ” implies that the pro¬ 
cess can be repeated, and is to be repeated, an infinite number of 
times. Now regardless of how small the successive distances 
become, each one of them unquestionably requires a finite length 
of time to cover. And, argued Zeno, the sum of an infinite 
number of finite intervals of time must be infinite. Therefore 
we can never get from P to Q,, however near together P and Q 
may be. 

A number of possible solutions of this paradox have been 
proposed. <n The one we shall choose attributes the fallacy to the 
statement “ the sum of an infinite number of finite intervals of 
time must be infinite.” This statement is generally, but not 
always, true. First let us investigate the sum of all the members 
of the infinite class in example (3) above. If we write 

2 + 4 -f- 8 -f- 16 + 32 4- 64 + 128 + 256 + . . 

it is evident at once that as we go on adding successive terms, the 
sum rapidly becomes larger and larger. Actually, it is not 
enough to say simply “ larger and larger.” We must be more 
precise. Let us note that by going out far enough in the scries, 
we can make the sum of all the terms up to that point exceed any 
finite number, however large. This fact is indicated graphically 
in Figure 74. For example, if someone names the finite number 
1000, we can, by taking 9 terms, make the sum 1022. If he raises 
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the bid to 1,000,000, we can make the sum 1,048,574 by taking 

19 terms. If he cares to go as high as 1,000,000,000, we have 
only to take 29 terms to make the sum 1,073,741,822. No 
matter how large a finite number our imaginary adversary sees 

Hh 




24-4 





Fig. 74. The sum 2 + 4 + 8 + 16+ 32 + 64 + 128 + 256+... increases 

without limit 

fit to choose, it is evident that we can always make our sum 
exceed his number by taking a sufficiently large finite number of 
terms. This is what the mathematician means when he says that 
“ the sum of this infinite series is infinite.” 

But now let us return to the problem of motion from one point 
to another. Suppose the distance from P to £),is 100 yards, and 
that we walk at the rate of 100 yards per minute. Then the time 
required for the first stage of the journey—half the distance from 
P to &—is J minute; that for half the remaining distance, £ 
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minute; that for half the distance then remaining, 1 minute; that 
for half the distance then remaining, minute; and so on. In 

other words, the time in minutes required to go from P to Q, is 
the sum of the infinite series 


1 

2 


1 

4 


1 1 

8 16 


1 

32 


1 

64 


1 

128 


1_ 

256 + • 


(Note that this is the sum of all the members of the infinite class 
in example (4) above.) Is the sum of this infinite scries infinite? 
As in our previous scries, the sum does get larger and larger as we 
goon adding successive terms. But it is not true that we can make 
the sum exceed any large finite number which anyone cares to 
mime. A glance at figure 75 shows us intuitively that the sum 
approaches moic and more nearly to 1, but never exceeds it. 
Moie precisely, il anyone names a finite number, however small, 
we can, by taking a sufficiently large number of terms, make the 
difference between our sum and 1 smaller than the named num- 

bci. for example, if someone chooses the number 


1 


1000 


, we can, 


b> taking 10 terms, make the sum differ from 1 by 

1 


I 


1024* 


If 


he lowers the bid to j we can make the sum differ from 1 

1 

• 1,048,576 ^ ,a king 20 terms. If he cares to go as low as 


1 

1,000,000,000 


, we have only to take 30 terms to make the sum 

difier from 1 by j,073,741,824* Again we always have the better 

of our imaginary adversary. And again this is what the mathe¬ 
matician means when he says that “ the sum of this infinite series 
is 1.” 

Consequently the time required to travel the 100 yards from 
P to Q, is not infinite, but is 1 minute. Motion, we learn with 
some relief, is not impossible. Here mathematics comes to our 
aid and backs up what everyday experience lias taught us. 


Zeno’s second paradox involves the problem of Achilles and 
the tortoise. The argument in this case is to the effect that if 
Achilles gives the tortoise a head start, he can never overtake him. 




Fig. 75. The sum i + i + £ + Jg -f- 3 ^ + A + t:-- + ->.’,i + • • • approaches 1 

as a limit 


For Achilles must always first get to the point from which the 
tortoise has just departed, and in this way the tortoise is always 
ahead. 

To clarify our ideas, let us suppose that Achilles gives the tor¬ 
toise a start of 100 yards, that Achilles travels at the rate of 10 
yards per second, and that the tortoise travels at the rate of 1 yard 
per second. Then Achilles travels the first 100 yards in 10 
seconds. In the meantime the tortoise has gone 10 yards. 
Achilles takes 1 second to cover that distance, while the tortoise 
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advances 1 yard. Achilles covers that distance in ,' n second, and 

the tortoise is still ,V yard ahead. And so on. Then the number 

°f seconds which elapse before Achilles catches up with the tor- 
toise is the sum of the infinite series 


10 + 1 + 10 + 100 + 1000 + ■ • • 

For those of us who remember our formulas for geometric pro¬ 
gressions, it is but a moment s labour to show that this sum is not 
infinite, but that it is 11? seconds. 

* * * 

Within the last hundred years numerous criteria have been 
developed to determine whether a given scries “diverges to 
infinity” or “converges to a finite limit’—that is, whether the 
sum of the scries is infinite or a finite numbcr.< 2 > Wc shall not go 
far into the technicalities of these criteria, but let us return for 
just a moment to the two series, 


and 


2 -f- 4 -{- 8 16 -f- 32 


- 64 128 -f 



We have seen that the first of these diverges to infinity, while 
the second converges to 1. Can this difference be traced to the 
fact that the successive terms of the first get larger , while those of 
the second get smaller? Let us not jump too hastily to conclu¬ 
sions. This much is true: a necessary condition for convergence is 
th.it the successive terms decrease in size. That this condition is 
n°t sufficient is readily shown by the “ harmonic series,” 


1 + 


1 1 


1 


1 


11 1 1 


2 + 3 4+5 + 6 + 7 + 8 + 9 + 


_! 11 J J_ _1_ _1_ 

10 + 11 + 12 + 13 + 14 + 15 + 16 + * * * 

This series can, by the insertion of brackets, be written in the form 
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Now since ^ is greater than ^ -f ^ is greater than Q -f ^ ; 
that is, greater than ?, or 1. Again, since 1, 1, and * are all 
greater than the second group in brackets is greater than 

/1 1 1 1\ 4 1 

\8 8 8 8/ ’ ° r 8’ or 2' * n t ^ ie same way, the third 

group is greater than A, or *. And so on. Hence the sum of 
the series is greater than 



and so the series obviously diverges to infinity, although it does so 
very slowly. 

The condition that the successive terms decrease in size is 
therefore not sufficient for the convergence of a series in which all 
the terms are positive. On the other hand, this condition is 
sufficient for the convergence of an “ alternating series ”—one in 
which the terms are alternately positive and negative. This 
proposition we state without proof. For example, the series 



converges to a finite limit. The value of this limit, to six decimal 
places, (3) is 0-693147 (actually log* 2). 

* * * 

Certain isolated cases of infinite series had been studied by 
mathematicians from time to time, but it was not until the nine¬ 
teenth century that infinite series as a whole, together with the 
general question of the infinite, began to be treated in a sound, 
logical manner. In 1851 appeared a small volume entitled The 
Paradoxes of the Infinite . It was the work of Bernard Bolzano, who 
did not live to see its publication. (4) We can perhaps appreciate 
what the best minds of the time were struggling with if we look at 
a few examples taken from Bolzano’s book. 

Consider the series 


a + a — a + a — a -f- a — a + a — a -f- . . . 
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If wc group the terms in one way, we have 

6’ = (a — a) + (a — a) -f (a — a) + (a — a) + . . . 

= 0 + 0 + 0 + 0 + . . . 

= 0. 

On the other hand, if wc group the terms in a second way, we can 
write 

S = a — (a — a) — (a — a) — (a — a) — (a — a) — . . . 

= a — 0 - 0 - 0 - 0 — . . . 

= a. 


Again, by still another grouping, 

S = a — {a — a + a — a -}- a — a + . . .) 

— a — S. 

Therefore 2 S = a, or S — 

2 

Here, then, is an infinite series whose limit is apparently any 
one of three quantities: 0, or a , or a/2. Today, using the defini¬ 
tions of convergence and divergence which we developed in 
connection with the Zeno paradox, wc should say that this scries 
neither converges to a finite limit, nor diverges to infinity. Not¬ 
ing that its sum oscillates between the values 0 and a, we should 
simply class it as an “ oscillating series ” and agree that it has no 
fixed sum. But in the days before Bolzano ideas of convergence 
and divergence were not so clearly defined, and such a thing as an 
oscillating scries presented real difficulties. Even Leibnitz—one 
of the master minds of the seventeenth century, and co-discoverer 
with Newton of the calculus—was befuddled by this particular 
scries. He argued that since the limits 0 and a arc equally prob¬ 
able the correct limit of the series is the average value a/2. The 
method of grouping by which wc arrived above at the limit a/2 is 
the work of a mathematician of the early nineteenth century. (6) 

Even more startling arc the results to be obtained from this 
series in the special case in which a has the value 1. For example, 
by actual division we have, for any value of x , 
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1 *9 


1 +i A; if 


1 + * + 


1 



1 4 - * + x 2 


and so on. Now let x have the value 1. All of the right-hand 
sides reduce to the same number—that is to say, to the “ sum ” 
of the series 


1 


4 


1 + 1 - 1 + 1 - 1 


• > 


beco - 


while the left-liand sides 
Consequently/ £ = -J = \ = l 
natural number! As before, the co 
series 1 — 1H- 1 — 1 + 1 — 1 + . . . 


but that its pum oscillates between 0 and 1. 

Consider ktill another example of Bolzano’s. Let 

_ 2 + 4 - 8 + 16 - 32 4/64 - 128 4 


ctKcly, b b b b • • • 

yhere n is any 
is that the 
fiJtecLsum, 


= 1 


ect argumc 
,ocs not h 


\ 


Then 


l_2(l-2-f 4 - 8 + 16 - 32 + 64 - . . .) 


1 


2 S. 


That is, 


3 S =1, or S 


1 

3* 


On the other hand, the original series can be written 

S — 1 + ( 2 -f- 4) + (— 8 + 16) -\- (— 32 -{- 64) 

= 1 -f - 2 -f- 8 -j-'32 -j - 64 -f- . . ., 

or S diverges to infinity. But again, we can write 

S = (1 - 2) + (4 - 8) + (16 - 32) + (64 - 128) + . . ., 

= — 1 — 4 — 16 — 64 — . . ., 

or S diverges to negative infinity. 
r.m.—5 
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These contradictions are to be explained by the fact that this 
series is not only an oscillating scries, but is one which oscillates 
infinitely. The sum of the first two terms is — 1; of the first three, 
3; of the first four, — 5; and so on through the values 11, — 21, 
43, — 85, ... It is evident that as we go farther and farther 
out in the series, these partial sums jump from increasingly large 
positive numbers to increasingly large negative numbers. In a 
word, the series has no sum. 


* 


It is perhaps not so surprising that a scries which fails to con¬ 
verge to a definite limit can be made to appear to converge to a 
number of different limits. Hut now consider the series 

1,1 1 , 1 1 1 1 

2 3 4 1 5 6 + 7 “ 8 + * ’ 


which, as has already been pointed out, converges to the finite 
limit log, 2, or 0-693147. For simplicity we shall denote this 
limit by L. Then 

j , 1 1 11 1 1 11 

1 2 ' 3 4 + 5~6 + 7~8 + 9~ 

1 1 _ I J 

10 ' 11 12 + 13 ~~ 14 + 15 ” 16 + • ’ ‘ 

Multiply both sides by 2: 

2 2 2 2 2 2 2 

3 - 4 _l " 5 - 6 7 — 8 + 9 ~~ 

2 2 2 2 2 2 2 

10 ' 11 ~ 12 ' 13 ~ 14 f 15 ~ 16 ■ ■ • • 

„ 2 1 2 \ 2 1 2 
1 '3 2 + 5~3 + 7~4 + 9 _ 

1 2 1 _2 1 _2 1 

5 11 ~ 6 + 13 ~ 7 + 15 - 8 + ’ ' - 



Now group terms with the same denominator. Then 

2L = (2 — 1) — i _i_ (* _ I + 

v ' 2 \3 3/ 4 ‘ 

(2 1\ 1 /2 1\ l . 

\5 5>/ 6 1 \7 ~ 7/ ” 8 + 



or 
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But the series on the right is the original series, and its limit is no 

onger L, but 2 L. Moreover, if the operation of multiplying by 

two and collecting terms with the same denominator is repeated 

indefinitely, the series can evidently be summed not only to L 

and 2L, but also to 4 L, 8L, 1 6L, . . . Here is a real dilemma- 

an infinite series which converges to a finite limit, 0-693147, yet 

r^hcan, b y proper rearrangements, be made to converge to 
1-38629, or 2-77259, or 5-54518, and so on ! <«> 


The difficulty arises from our attempt to apply to infinite series 
t le processes of finite arithmetic. In finite arithmetic we go on 
the assumption that we can insert and remove brackets at will, 
grouping terms in any way we please. In other words, we assume 

that A + B+C={A + B) + C=A+{B+C). The contra¬ 
dictory results we obtained above show that this finite operation 
cannot be applied to infinite series in general. 

The question then arises, is it ever possible to rearrange and 
group the terms of a convergent infinite series with the assurance 
that the limit will not be changed ? The answer is yes—provided 
the series is “ absolutely convergent.” An infinite series is 
absolutely convergent if not only the series itself converges, but 
if the series formed by changing all minus signs to plus signs also 
converges. Thus every convergent series in which all terms are 
positive is absolutely convergent, and the criterion applies only to 
series in which there are negative terms. 

Let us return for a moment to our original scries, 



If here we change all the minus signs to plus, the series becomes 
the harmonic series, 


1+J+I+j+I+l+i+I 

r 2 h 3 i 4 h 5 + 6 h 7 h 8 



which, as we found on page 116, slowly but surely diverges. 
Consequently our series is not absolutely convergent, and so it is 
not to be wondered at that we were able—through proper group¬ 
ing—to make it converge to limits other than log,. 2. 

If a series is convergent, but not absolutely convergent, it is 
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said to be “ simply convergent.” The question of rearranging 
the terms of a simply convergent series was settled in 1854 by the 
Gci man mathematician Riemann, when he succeeded in proving 
the following remarkable theorem.< 7 » The terms of a simply con¬ 
vergent series can be so rearranged that the limit of the series is any specified 
finite number, or positive infinity , or negative infinity! 

We conclude this section with four additional examples of the 
weird results to be had by rearranging and grouping the terms of a 
simply convergent series. The first two are, essentially, but 
different forms of the paradox we have just discussed in detail. 


Paradox 1. As before, denote by L the value of loe 2 
Then <»> 6 ' 



Grouping terms, first by twos and then bv fours, 

J 



Dividing both sides of equation (1) by 2 we get 



Adding, bracket by bracket, equations (2) and (3), 
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1 


1 + 1 
2^3 


1 + 1 
4 1 5 


1 + 1 
6 1 7 


2 + 2 _L 

8 9 10 


I 


11 


• • 


Therefore the sum of the series is both L and | L. 

Tlfen^» D ° X 2 ‘ A$ 111 thC PrCViOUS CXam P Ie > denote log, 2 by L 


L = 1 


1+1 

2 ' 3 


1 + 1 

4^5 


Arranging positive terms 
another, 


1 + 2 
6 f 7 


8 + . . . 


in one group and negative terms in 


( ,+ 3 + S + 5+-)-(5 + l + g + g 


+ • 


( 1 ) 


Now certainly 


0 = d + - + I_)-Ai 

\2 + 4 + 6 + 8 + ' ’ 
Adding equations (1) and (2), 


(2 P 4 + 6 + 8 1 ‘ • 


( 2 ) 


Z. = 




« 4“ • 


f 


s + j + l + i'■ 

- 2 (s + i + i + i 



f • 


1 1 


0. 


' (2 + 3 + 4 + • • •) - ( ! + 2 + 5 f 4 


4 1 ' ' 


In other words, the sum of the series is both L and zero. 


Paradox 3. It can be shown that the series 


1.3 + 3.5 + 5.7 + 7.9 + ’ ' ' 

is convergent. Call its sum M. We shall “ prove ” no. that M 
is both 1 and 

In the first place, the series can be written in the form 
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To verify this statement, note that the first term reduces to - ~ 

1.3 

or | q 5 thc second term to or ; and so on. But if 

the brackets are now removed, all terms after the first drop 
out. Therefore M = 1. 

On the other hand, the series can also be written in the form 





T 


2 \5 7 / 2\7 9 ) 


4 • 


• • 


To verify this statement, note that the first term reduces to 


1 


5 - 3 


3-1 1 . . 1 

9 • j —or ■— the second term to ^ ~, 

on. If now the brackets arc removed, we have 


or 


1 


3.5 


; and so 


\f 1 1 

A/= 2-6 


1 

6 


1 

10 


J __L + ±_ 

10 14 ' 14 


Again all terms after the first drop out, so that M — 4. 


Paradox 4. To prove that every infinite series, con 

VERGENT OR NOP, CAN BE SUMMED TO ANY DESIRED NUMBER JV. 

Consider the series 

ft l -{~ ^2 I" ft 3 b ft \ I ft5 “I' ^6 4“ • • • 

We can write 

ft\ — N-\- (a v — A0> 

ft 2 = — (fti — AO -1- (n l -f a., — N), 

4$ = — (fti T ft 2 ~ AO -I- (fti 4 ft 2 4- ft 3 — AO, 

ft* = — (fti 4- ft 2 T — AO 4 K 4 4- * 3 4- *4 ~ AO, 

4“ fl 3 T ^.1 — AO 4 

(^i b ^2 4- 4- ^4 4- fts AT), 

and so on indefinitely. Adding these equations, we have 

fti T ft 2 4* ft 3 4“ ft\ 4 ft 5 4 • • • 

= Af 4 (ft t — AO — (fti — AO 4- K 4- “ AT) 

( fl i 4 ^ — AO 4 (tfj 4 b fl 3 — AO 

( rt i - b ^2 4- ft 3 — AO ~b (^i 4- b b fl 4 AO 
— («! 4 ft 2 4- ft 3 4- ft* — AO 4 • • • 
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The Infinite in Geometry 

The following paradox appeared some three hundred years 
ago in Galileo s Dialogues Concerning Two New Sciences.™ It is 

*“ — * om attempts to 

Talce any square ABCD and draw the diagonal BD, as in 
igure 7 ®- With B as centre and with radius BC describe the 
quarter-circle CFA. Draw any line HE parallel to BC, intersect¬ 
ing the quarter-circle at F and the diagonal at G With H as 
centre construct circles with radii HG, HF, and HE respectively 



Fig. 76. As HE approaches BC, the shaded circle shrinks to the point B and th 

shaded ring to the circumference of a circle with radius BC 


It is not difficult to show that the area of the shaded circle is 
equal to that of the shaded ring. To do so, note first that 
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triangle FBH is a right triangle. Consequently, by the well- 
known Pythagorean theorem, BF 2 — HB 2 HF 2 , or 


HB 2 = BF 2 - >/A 2 . 


( 1 ) 


But I IF — BC, and, since BC and BF are radii of the same 
(quarter) circle, BC = BF. Hence HE and AA are equal. 
Again, HB = HG since they arc also radii of the same circle. 
We can therefore replace, in equation (1), BF by //£ and HB 
by IIG , obtaining 

//f; 2 - HE 2 - HE 2 . (2) 

Multiplying both sides of equation (2) by tt, 

- • HG 2 - 77 . //A 2 _ 7T . HE 2 . 

J he left-hand side of this equation represents the area of the 
shaded circle. I he right-hand side, being the difference of the 
areas ol the circles with radii HE and HE, represents the area of 
tlie shaded ring. 

Now think of letting IIE move to the right and approach the 
position BC. As IIE coincides with BC the shaded circle shrinks 
to the point B and the shaded ring shrinks to the circumference of 
a circle with //A (now BC) as radius. But since the areas of the 
shaded < ircle and the shaded ring are equal for any position of HE, 
we must conclude that a single point is equal to the circumference of a 
c in le ! 

Perhaps the solution of this paradox is obvious. It would be 
more obvious had wc not cheated in the statement of the final 
conclusion. We should have said, “ A single point is equal in 
area to the circumference of a circle.” The circumference of a 
circle is a one-dimensional curve and can occupy no more area 
than a point, in spite of the fact that it consists of an infinitude of 
points. I he areas of the circumference and of the point, both of 
them zero, arc indeed equal. 

* * * 


I he infinite in geometry continued to confuse mathematical 
minds long after Galileo. As late as 1834 an interesting but 
fallacious proof of the much-discussed “ parallel postulate ” of 
plane geometry was ofTercd, apparently in good faith. (12) The 
postulate—assumption, that is—referred to is generally stated as 
follows: Through a given point outside a given line , one and only one line 
can be drawn parallel to the given line. For centuries it was felt that 
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tins postulate could be proved in terms of the other postulates, but 

ah attempts at such proofs were unsuccessful. Mathematicians 

inally began to suspect that this assumption was as fundamental 

as the others—as fundamental, for example, as the assumption 

that between two points one and only one straight line can be 

drawn. A few of the bolder spirits of the early nineteenth century 

began to experiment with geometries in which this assumption 

was replaced by quite different assumptions, and out of the 

efforts of these pioneers arose the geometries now called “ non- 
Euclidean.” 


The paiallcl postulate can be stated in a number of forms, each 
of them equivalent to the others. In the fallacious proof wc arc 
about to describe we shall use the form originally given by Euclid : 
IJ two straight lines are cut by a third in such a way that the sum of the 
interior angles on one side of the third line is less than two right angles , then 
the two lines , if produced indefinitely, will meet on that side. That is to 
say, if the sum of the angles ABC and BCD of Figure 77(a) is 
less than two right angles, then BA and CD , if produced, will 
ultimately meet. 



The hopeful geometer of 1834 set up the figure of diagram (b) 
to aid him in his proof. Through B he drew BY parallel to CD, 
and constructed angles ABN, NBO , OBB, and BBQc ach equal to 
angle YBA. He correctly argued that whatever the size of angle 
YBA y he could, by constructing enough angles ABN, NBO, . . ., 
finally arrive at one whose side {B(f in the figure) falls below the 
line B£. Suppose there are n such angles (there are four in the 
figure). He then marked off n segments, CE, EG, Gf, . . ., each 
equal to BC , and through the points of division drew lines EE, 
GH, JK , . . ., each parallel to CD. So far so good. But at this 

R.M.- 5 * 
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point he began to compare infinite areas. He maintained, for 
example, that the infinite area bounded on two sides by the 
infinite lines B) and BA is equal to the infinite area bounded on 
two sides by BA and BN, and that the infinite area bounded on 
three sides by the line segment BC and the infinite lines £1* and 
C,D is equal to the infinite area bounded on three sides by the line 
segment CE and the infinite lines CD and EF. Or, as he put it, 
the area 1BA is equal to the area ABN, and the area 1BCD is 
equal to the area DCEF. 

Let us assume for the moment that this argument and similar 
arguments about infinite areas are valid. The rest of the proof 
then runs: Area ) BLM is equal to n times area YBCD, and area 
) BQh equal to n times area ) BA. But area ) BLM is only a part 
of area ) B while area ) B£ is in turn only a part of area 1BQ L 
Hence n times area 1 BCD is less than area LB£, which in turn is 
less than n times area 1BA. That is to say, n . ()BCD) is less 
than n . ()BA), or ) BCD is less than 1BA. But if such is the 
case, AB must meet CD. For il AB did not meet CD, then 1 BCD 
would be equal to the sum of ) BA and ABCD, and so would be 
greater than ) BA. 

I he catch in this innocent-looking proof lies, of course, in the 
fact that the areas involved are infinite. Of two finite areas, we 
can say that the first is less than, equal to, or greater than the 
second. But two infinite areas cannot be compared—we can say 
only that they arc infinite. 


The remainder of this section will be devoted for the most part 
to “ limiting curves ”—curves which arc defined as the limit of an 
infinite sequence of polygons, that is, of an infinite sequence of 
figures made up of straight lines. The notion of a limiting curve 
is not new to any of us who have studied plane geometry. Let us 
recall briefly how as familiar a curve as the circle can be regarded 


as the limit of an infinite sequence of regular polygons. (A 
regular polygon ” is one with equal sides and equal angles.) 

In diagram (a) of figure 78, a square has been constructed on 
the line segment AB as diagonal. Diagrams (b), (c), and (d) 
show, respectively, regular polygons of 2.4 or 8 sides, 2.8 or 16 
sides, and 2 . 16 or 32 sides. Let us denote these successive 
polygons by PP 2 , P 2 , and P 4 . By continuing indefinitely to 
double the number of sides we obtain a sequence of polygons, 
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^3> -^45 ^6, f*69 ' • • Now it is intuitively evident—and it 
can be proved rigorously—that this sequence of regular polygons 
approaches, as a limit, the circle whose diameter is AB. 

* * * 

Care must be used in appealing, as we have just done, to 
intuition. We stop to consider three problems in which intuitive 
arguments lead us wildly astray. The correct solutions of these 
problems are discussed in the Appendix. 

Paradox 1 . Consider the isosceles right triangle in Figure 
79(a). If each of the equal legs is 1 inch, then, by the Pythag¬ 
orean theorem, the hypotenuse is'v/l 2 -j-l 2 =\/ 1 4 - 1 = \/2 
inches. In diagram (b) the broken line is drawn, beginning at 
the lower left-hand corner, by going up £ inch, over £, up £, 
over £, and up £. Call this line L v In diagram (c) the number 
of" steps ” is doubled, resulting in the broken line L 2 ; and in (d) 
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redoubled, resulting in the broken line L :t . Continuing indefin¬ 
itely the process of doubling the number of steps, we obtain a 
sequence of broken lines, L v L 2 , Z, 3 , L v L b , Z, 6 , . . . This 
sequence of lines approaches, as a limit, the hypotenuse of the 



Fig. 79 


original triangle. Consequently the length of the limiting line is 
V 2 inches. True? No, false. What is its length? 

Paradox 2. A circle is constructed on a diameter AB y as in 
Figure 80(a). Call this curve C v Now construct a curve con¬ 
sisting of two circles, each of diameter ABj 2, as in diagram (b). 
These two circles can be thought of as a single curve, traced as 
indicated by the arrows. Call this curve C 2 . Curves C 3 and C 4 
are shown in diagrams (c) and (d). They consist, respectively, 
of four circles, each of diameter ABf 4, and of eight circles, each of 
diameter AB/8. Continue indefinitely the process of doubling 
the number of circles and halving the diameters. The result is a 
sequence of curves, C 19 C 2 , C 3 , C 4 , C 5 , C 6 , . . . The limiting 
curve, being made up of infinitely small circles, is indistinguish¬ 
able from the line segment AB. Now recall that in tracing each 
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curve we go from A to B and back to A. Hence the length of the 
limiting curve is 2 . AB. True? No, false. What is its length ? 

Paradox 3. In a circle of radius R inscribe a square, as in 
Figure 81 (a), and on each side of the square as diameter construct 
a semicircle. Denote by C x the curve formed by these semi¬ 
circles. Now inscribe a regular octagon, as in diagram (b), and 
denote by C 2 the curve formed by the semicircles constructed on its 
sides. Continue indefinitely the process of doubling the number 
of sides of the polygons and constructing semicircles on the sides. 
The result is a sequence of curves, C l9 C 2 , C 3 , C 4 , C 5 , C 6 , . . ., of 
which C 3 and C 4 are shown in diagrams (c) and (d). The limiting 
curve, being made up of infinitely small semicircles, is indis¬ 
tinguishable from the original circle of radius R. Its length is 
therefore 2nR. True? No, false. What is its length ? 

* * * 

We are now ready to consider some of the so-called “ patho¬ 
logical curves ” to be found in mathematics—curves which have 
been constructed by mathematicians in their attempts to prove or 
disprove certain intuitive ideas. (13 > Each of these curves will be 
defined, in much the same way that the circle was defined above, 
as the limit of a sequence of polygons, P 13 P 2) P 3) P 4 , P 6 , P 6 , . . . 
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(c) (d) 


Fig. 81 

In none of the present instances, however, will it be possible, as it 
was in the ease of the circle, actually to draw the limiting curve. 
We shall have to content ourselves with constructing only the first 
few polygons of each sequence. The problem of picturing the 
ultimate curves must be left to our imaginations. 

The first item has been dubbed the “ snowflake curve ” because 
of the shape it assumes. P lt the first polygon of the sequence, is 
the equilateral triangle of Figure 82(a). Divide each side of this 
triangle into three equal parts, construct a new equilateral triangle 
on the middle segment of each side, and do away with lines com¬ 
mon to the old and new triangles. This results in P 2i the star- 
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(c) (d) 


Fig. 82 

shaped polygon of diagram (b). To get P 3 , trisect each side of 
this polygon, erect a new equilateral triangle on the middle part 
of each side, and again get rid of lines common to the old polygon 
and the new triangles. Repeat the same process indefinitely. 
The result is a sequence of polygons, P v P 2 , P 3 , /> 4 , P b , P 6 , . . 
of which the third and fifth members are shown in diagrams (c) 
and (d) respectively of Figure 82. 

The limit of this sequence of polygons is a truly remarkable 
curve: its length is infinite, yet the area it encloses is finite! To prove 
that the area is finite, think first of a circle circumscribed about the 
original triangle of diagram (a). Then note that at no subse¬ 
quent stage of the development—as in diagrams (b), (c), and (d) 
—will the curve ever extend beyond this circle. Now consider 
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the length of the curve. Suppose each side of the original equi¬ 
lateral triangle is 1 unit long. Then the perimeter of P x is 3 units. 

S 2 added six lines of length 4 unit and sub¬ 
tracted—by doing away with—three lines of length unit. Net 
result: we added 1 unit to the perimeter. That is to say, the 
length of P 2 is 3 -f 1. In the same way, that of P 3 is 3 -f 1 + (J); 
of P 4 , 3 T 1 r (.1) -+- (';) 2 j and so on. The perimeter of the 
limiting curve is therefore the sum of the infinite scries 


3 1 


4 

3 


4 — 





It is evident that the successive terms of this scries increase in size 
and that the sum can be made as large as we please by taking a 
sufficiently large number of terms. Consequently, in accordance 
with our definition of infinite sum (page 113), the length of the 
limiting curve is infinite. 


A few pages back it was pointed out that a fine can occupy no 

area. I his statement is true provided the line is finite in length. 

But mathematicians have succeeded in constructing a number of 

limiting curves which completely Jill a given area! The following 

curve is one designed by the Polish mathematician, W. Sier- 
pinski. (u > 

I he first member of the sequence is the polygon P 19 inscribed 
in a given square as shown in Figure 83(a). The square is then 
divided into four equal squares, and four polygons, similar to P 19 
arc joined together to form P 2 , as in diagram (b). To get P 3 
each of the four squares is divided into four more, and sixteen 
polygons, again similar to P l9 arc joined together as in diagram 
(c). The same process, repeated, gives the polygon P v shown in 
diagram (d). If the process is continued indefinitely, there 
results a sequence of polygons, P 19 P 2) /> 3 , P 4> P 5) /> 6 , . . . 

I his sequence of polygons approaches, as a limit, a certain 
curve. Now it can be rigorously shown that this curve passes 
through any specified point of the square in which it is inscribed. 
Consequently it must pass through every point of the square, and so 
must completely fill it. And if it is not enough of a blow to our 
intuitions to learn of a one-dimensional curve which fills a two- 
dimensional square, it might be pointed out that the construction 
can be generalized to a one-dimensional curve which completely 
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Fig. 83 


fills a cube in three-dimensional space, or even a “ cube ” in a 
space of any number of dimensions ! 

* * * 

Before examining the next specimen, we must stop to define 
clearly what we shall mean by a “ point of intersection ” of a 
curve—that is, a point at which the curve crosses itself. 

A point is said to be an 44 end point ” of a curve if a small circle 
with the given point as centre always cuts the curve once , however 
small the circle may be. If the arbitrarily small circle about the 
point cuts the curve twice, the point is called a 44 general point ” of 
the curve. Finally, if the arbitrarily small circle about the point 
cuts the curve more than twice , the point is said to be a 44 point of 



136 


OUTWARD BOUND 


intersection ” of the curve. Thus, in the curve of Figure 84, P 
is an end point, Q is a general point, and R and S are points of 

intersection. \Vc can agree, can we not, 
that this definition coincides with our 
intuitive idea of a point of intersection ? 

Relying further on intuition, we should 
unde mbtcdly say that it is impossible to 
construct a curve consisting only of 
points of intersection. That this is not 
the case was shown by Sierpihski in 1915. 
His example is constructed as follows: 

Divide an equilateral triangle into four 
congruent equilateral triangles, shade 
the middle one, and draw in a heavy 
line as indicated in Figure 85(a). This 
heavy line is /,,, the first of a sequence 
of broken lines. Now divide each of the unshaded triangles 
into four congruent triangles, shade the middle one in each 





Fig. 85 
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case, and draw in the heavy line of diagram (b). This line 
is Z 2 , the second of the sequence. Continue the process indefin¬ 
itely, at each step dividing the unshaded triangles into four new 
ones, shading the middle one, and drawing the appropriate heavy 
line. Diagrams (c) and (d) show the third and fourth members 
of the resulting sequence of broken lines, L ly C 2 , C 3 , L v L b , 

C 6 , . . . 

It can be proved that the limit of this sequence is a curve of 
which every point—with the exception of the vertices of the 
original triangle—is a point of intersection according to our 
definition. Finally, if the original triangle is bent out of its plane 
so as to bring the three vertices together in a single point, then 
the curve crosses itself at every point! 

We must admit that this curve is not as easy for the imagination 

to picture as were the last two curves. The final conclusion will 

have to be accepted by the non-mathematician on faith. The 

mathematician, if he so desires, can go to the original source for 

the proof. (16) Incidentally, both this curve and the area-filling 

curve are, like the snowflake curve, infinite in length. 

* * * 

Let us return, for a moment or two, to the map shown in 
Figure 57, page 71. In this map there are four countries, each 
of which touches the other three. For the most part, points on 
the boundaries between the countries are points common to two 
countries. There are only three points in the figure which are 
common to three countries. In order to be precise, we had better 
define what we mean by ct a point common to two or more 
countries.” We can do so in a manner similar to that in which 
we defined “ point of intersection ” in the last example. Thus 
we shall say that a point is common to two (or more) countries if 
an arbitrarily small circle about the point as centre includes 
points of both (or all) countries. Here again is a definition which, 
if we stop to think of it, coincides with our intuitive ideas. 

Common sense will tell us that points common to three coun¬ 
tries must be, as they are in the map referred to, isolated points— 
in other words, that it is impossible for three countries to have a 
whole line of points in common. That this conclusion is false was 
shown by the Dutch mathematician Brouwer in 1909. (lfl) Only 
a mathematician would conceive the weird map we are about to 
describe, but here it is. 
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I 11 Figure 86(a) are countries A> B , and C, together with a nice 
section, Z), of unclaimed territory. We shall assume that D is 
three miles long and one and a half miles wide. Country A 
first claims all the land in D which lies more than l mile from the 
boundaries of D (diagram b). It is only reasonable, of course, to 
connect the new territory' to the mother country by means of a 
narrow corridor, but the presence of this corridor will have no 
effect on the argument to follow. Country B then steps in and 
takes all of the remaining territory which lies more than J mile 
from the new boundaries of/) (diagram c). Country C, not to be 
outdone, annexes all ot the remaining territory which lies more 
than ,V mile from these still newer boundaries of/) (diagram d). 
But even now there remains quite a bit of unclaimed land, so they 
begin all over again. A claims all the land which lies more than 
s\ m ^ c from what arc now the boundaries of D\ B> all the land 
more than ,. mile from these new boundaries; C\ all the land 


ABC 



(a) 




ABC 



(d) 


Fig. 86 
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more Uni” 4 J-„ mile from these still newer boundaries; and so on 

indefinitely. 

In the limit, all the original territory D will have been 

claimed. Furthermore, this can be brought about in a finite 

length of time by assuming that the first annexation took place in 

half a year, the second in a quarter of a year, the third in an 

eighth of a year, and so on. For then the total time in years 

required to fill the territory completely would be the sum of the 
infinite series, 


1 + 1 + 1 

2 4 8 


1 


1 


16 1 32 


1 

64 


and this, as we have seen earlier in this chapter, comes to one 
year. 

What of the new map of the once unclaimed territory D? It is 
impossible to draw it, but this much can be said of it. According 
to our definition of a point common to two or more countries, 
every boundary point is a point common to not only two , but to all three oj 
the countries A , B , and 67 

* * * 


The Arithmetic of the Infinite 

At the beginning of this chapter, the class consisting of all 
natural numbers, 

1, 2, 3, 4, 5, 6, 7, . . ., 

and the class consisting of the squares of all natural numbers, 

1, 4, 9, 16, 25, 36, 49, . . ., 

were presented as examples of infinite classes. At that time it 
may have occurred to some of us to inquire whether or not there 
are “ more ” members of the first class than of the second. It is 
certainly true that all the members of the second class are 
members of the first, while there are many members of the first 
class which are not members of the second. Can it not therefore 
be said, in spite of the fact that both classes have an infinite 
number of members, that the infinitude of members in the first 
case is somehow or other “ greater ” than that in the second ? 

The very problem under consideration was discussed in 1638 
by Galileo in his Dialogues , a work to which we have already 
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referred. 07 * He came to the conclusion that all we can say about 
the two classes is that each of them is infinite—the relations 
“ equal,” “ greater,” and “ less ” can be applied to finite classes, 
but not to infinite classes. There the matter rested until interest 
in it was reawakened, in 1851, by Bolzano’s book on the paradoxes 
of the infinite. But even Bolzano did not carry his investigations 
lar enough. The possibility of comparing degrees of infinitude 
was finally realized by Cantor, a German mathematician, in 
1873. Out of his work has grown that branch of mathematics 
called the ” theory of aggregates ”—a theory whic h leads to most 
extraordinary results. 


In order to understand Cantor's processes of reasoning, we 
must begin with counting —an operation with which we should be 
fairly familiar. \\ hat do we do when we count the members of a 
finite class of, say, forty-three objects? It is not enough to say 
that we point at each member successively and recite, “ One, two, 
three, . . ., forty-two, forty-three.” The ability to perform this 
operation indicates a highly developed vocabulary of number 
words. YVe must go behind the operation of counting by means 
of words if we arc to get at the fundamental process actually 
involved. 

Suppose that you are the leader of an expedition of forty-three 
people, travelling in an uncivilized country where the vocabulary 
of number words is limited to “ one,” “ two,” “ three,” “ four,” 
and “ many.” (The existence of savage tribes whose number 
vocabulary is so limited is well known.) Suppose further that 
you have gone on ahead to a village where you expect to spend the 
night, and that you arc trying to make the village chief under¬ 
stand that you want food pepared for forty-three people. Assum¬ 
ing that lie understands you want food, how will you put over the 
idea of “ forty-three ”? Very likely you will do it by making 
marks on a piece of paper, or on the ground—one mark corre¬ 
sponding to each member of the party. If a plate of food corre¬ 
sponding to each mark is then prepared, you can be sure that 
each member of the party will be fed. 

Thus the chief, with no word whatever for the number “ forty- 
three,” is able to count the number of people in the party, and the 
number of plates of food. To describe the process in somewhat 
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moie precise terms, you set up what is called a “one-to-one 

correspondence between the members of your party and the 

maiks on the paper. The correspondence is “one-to-one” 

because corresponding to each person there is one mark, and 

conversely, corresponding to each mark there is one person. The 

C 1C then sets up a one-to-one correspondence between the 
marks and the plates of food. 


Here is counting in its simplest and most fundamental form- 
t ie setting up of a one-to-one correspondence between the 
members of two classes. The child who counts on his fingers, 
the Chinese laundryman who reckons his accounts on the abacus, 

the billiards player who keeps score by means of counters_all 

of them, consciously or unconsciously, are counting by means of 
one-to-one correspondences. 

Consider one more example. Suppose a theatre contains a 
certain number of seats—the precise number is immaterial—and 
suppose the box-office manager wants to know roughly how many 
people are in the audience. If he notes that every seat is filled 
and that no one is standing, then he knows that the number is 
e qu al to the number of seats. In other words, there is a one-to-one 
correspondence between people and seats. If, on the other hand, 
some of the scats are empty—if there are seats to which no people 
correspond then he knows that the number of people is less than 
the number of seats, finally, if all the seats are filled and there 
are some people standing if there arc people to whom no scats 
correspond—then he knows that the number of people is greater 
than the number of seats. 

It should be emphasized that the scheme by which any particu¬ 
lar correspondence is set up is of no importance. In order to 
conclude that two classes of objects have the same number, it is 
necessary only to exhibit some sort of systematic method of estab¬ 
lishing a one-to-one correspondence between their members. 


* 


* 



The natural numbers, 1, 2, 3, 4, 5, . . ., are pure abstractions. 
We go about getting them in essentially the following way. 
Beginning with some very fundamental and familiar objects— 
our fingers, let us say—we denote by the symbol “ 1 ” the number 
of any class which can be put into one-to-one correspondence 
with a single finger. (We should perhaps avoid the word 
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“ number ” and use some other word, such as “ plurality ” or 
“ cardinality/' but in doing so we should really be begging the 
question.) In the same way we denote by the symbol “ 2 ” the 
number of any class which can be put into one-to-one correspond¬ 
ence with a pair of fingers, by 4i 5 ” the number of any class which 
can be put into one-to-one correspondence with all the fingers of 
one hand, and so on. 

It was Cantor's idea to extend the notion of the sequence of 
finite numbers, 1, 2, 3, 4, 5, 6, . . ., to a sequence of transfmite 
numbers. These might be denoted by A v J 2 , A 3 , A v A 5y 
Aft, . . . Just as the finite numbers were associated with certain 
model finite classes—we used our fingers—so the transfmite 
numbers must be associated with certain model infinite classes. 


The simplest and most fundamental of all infinite classes seems to 
be the class consisting of all the natural numbers. Consequently 
we denote by A t the number of any class which can be put into 
one-to-one correspondence with this particular class. Before 
attempting to find model classes with which to associate the other 
A' s, let us investigate some classes which have the number A 1 . 

T hink back to our original problem of the squares of all natural 
numbers. YVe can set up a one-to-one correspondence between 
them and the natural numbers in the following way: 



* 









Now it is true that we cannot show r , as we can in the case of two 
finite classes, the correspondence which exists between every 
member of the first class and the associated member of the second 
class, up to and including the last members of each class. There 
simply is no last member of either class. On the other hand, it 
should not be difficult for our minds to transcend this difficulty. 
For we know' we arc safe in saying that corresponding to every 
number («) of the first class there is a number (« 2 ) of the second, 
and, conversely, corresponding to every number (n 2 ) of the second 
class there is a number (n) of the first. Consequently a one-to-one 
correspondence between the two classes docs exist, and w r e are in a 
position to say that the class of the squares of all natural numbers 
has the transfmite number A v 
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Similarly the class of all even numbers has the transfinite number 
The correspondence in this case looks like this: 

2 ’ 3 > 4 > 5 > 6 = 7, . 

j 1 J I I I l | 

2 ’ 4 > 6 > 8 > 10, 12, 14, . . ., 2 n, . . . 

Again, the class of all odd numbers has the transfinite number A,, 
for we can write ’ 

1) 2, 3, 4, 5, 6, 7, . . ., n, ... 

t t t t t t t l 

1. 0, 5, 7, 9, 11, 13, . . ., 2n — 1, . . . 

It may already have dawned on some of us that something 
incredible is going on here. In each of the three examples dis¬ 
cussed the class of natural numbers has been put into one-to-one 
correspondence with a part of itself. In other words, we have 
been demonstrating that the whole is equal to part of itself! This 
verdict is a direct contradiction of the familiar assumption, first 
met with in geometry, that the whole is equal to the sum of its parts and 

is therefore greater than any of them. No doubt we have forgotten_ 

if indeed it was ever pointed out to us—that this assumption refers 
to finite magnitudes. We are now working with infinite magnitudes 

for which the assumption, as we can see, is no longer a consistent 
one. 

The whole is equal to part of itself. If ever a conclusion violated 
common sense, this one is it. But go to the trouble of re-reading 
the argument which leads to this conclusion. You must admit 
that there is nothing in the argument itself that violates common 
sense. As a matter of fact, the principle upon which the entire 
argument hinges is no more complicated or mysterious than the 
principle involved in ordinary counting, for the two are identical. 

Moreover the conclusion that the whole may be equal to a part 
of itself can be turned to a useful purpose. At the beginning of 
this chapter we rather vaguely described an infinite class as “ one 
which cannot be exhausted by counting over any finite period of 
time.” We can now, with Cantor, define an infinite class as “ one 
which can be put into one-to-one correspondence with a part of 
itself.” 

One more point. The three examples cited lend weight to the 
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argument that the class of natural numbers is the proper class 
with which to associate A v the smallest transfinite number. Note 
that in each of these examples the natural numbers were thinned 
out, yet the number of members of the resulting classes remained 
the same. The thinning-out process can be carried on indefin¬ 
itely, and always with the same result. Thus all the classes 

4, 8, 12, 16, 20, 24, . . ., 4n, . . ., 


8, 16, 24, 32, 40, 48, . . . 
100, 200, 300, 400, 500, . 


8 /?, . . ., 

• •, 100 « , . . ., 
. n . 10 100 , . 


10 100 , 2 . 10 lo °, 3 . 10 100 , . 

have the same transfinite number as the class of all natural 
numbers. 

* * * 

Now let us turn our attention to the problem of finding an 
infinite < hiss whose number is greater than Ay One possibility 
that may suggest itself is the class of all rational numbers. 

We recall from algebra that a rational number is defined as one 
which can be written as the quotient of two whole numbers. For 
example, 2/3, — 5/8, and 4/7 arc rational numbers. It is at once 
evident that the class of rational numbers includes the class of 
natural numbers, for 1 can be expressed as 1/1, 2 as 2/1, 3 as 3/1, 
and so on. Again, all ordinary decimals are rational numbers, 
for such a decimal as 3-579 can be written as 3579/1000. Finally, 
all repeating decimals arc rational numbers, for 0-3333333 . . . 
can be written as 1/3, 0-3454545 . . . as 19/55, 2-4272727 ... as 
267/110, and so on. For convenience we shall restrict our 
attention to positive rationals. Consequently we shall be con¬ 
sidering all numbers of the form p/q, where p and q arc natural 
numbers. 

An important property of the rational numbers lies in the fact 
that they are “ dense.” By this it is meant that between any two 
rational numbers there are infinitely many other rational num¬ 
bers. For example, between 0 and 1 we can point to the numbers 

1 2 3 4 5 

2’ 3’ 4’ 5’ 6’ ’ * * ’ 

between 0 and 4, the numbers 

1 2 3 4 5^ 

3’ 5’ T 9’ 11’ • * *’ 


n 


n+ V ’ 


n 


2 n -f- 1’ 
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between 0 and the numbers 



n 

4/iTT ' * 


5 


and so on. Because of this property we might well expect the 
transfinite number of rational numbers to be greater than A 1 . 
Cantor showed that this is not the case. His proof runs as follows: 

The class of all rational numbers can be arranged as shown in 
Figure 87. Note that in each horizontal row tlie successive 



Fic;. 87. “ Counting ” th<* rational numbers 


denominators are 1, 2, 3, 4, 5, 6, . . ., while all the numerators in 
the first row are 1, all those in the second row are 2, all those in 
the third row are 3, and so on. Note also that every fraction in 
which the numerator and denominator have a common factor 
has been enclosed in brackets. If these particular fractions are 
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deleted, then every rational number appears once and only once 
in the array. Following the path indicated by the arrows, a 
one-to-one correspondence can be set up between the natural 
numbers and the rational numbers by pairing with 1 the fraction 
1/1, with 2 the fraction 2/1, with 3 the fraction 1/2, with 4 the 
fraction 1/3, with 5 the fraction 3/1, and so on, as indicated in the 
following scheme: 



I 

1 




10 , 11 , 


r 1 



12, 13, . . . 



I here may be some objection to the order, or rather the lack of 
oidei, in this set-up. It may be pointed out that the example 
involving the correspondence between the natural numbers and 
their squares was more convincing, in that the nth square could be 
expressed in terms of the nth natural number—that is, as n 2 . In 
the present example there is no such simple relationship between 
the nth natural number and the nth rational number. Granted. 
Hut anyone who raises this objection is forgetting an important 
point which was emphasized earlier—namely, that the particular 
way in which the correspondence is set up is immaterial. The 
important thing is simply to exhibit some sort of systematic way 
of pairing the members of the two classes. A moment’s reflection 
will make it evident that this has certainly been done here. We 
first arranged the rational numbers in an array in which every 
number appeared once and only once. We then indicated the 
path which should be followed in pairing each rational number 
with a natural number. If we name any rational number at 
random we can, by going out far enough in the scheme, find the 
natural number which corresponds to it. Again, if we select a 
natural number at random we can, in the same way, find the 
rational number which corresponds to it. To every rational 
there corresponds one and only one natural, and to every natural 
there corresponds one and only one rational. The correspond¬ 
ence is therefore one-to-one, and the fact that the class of positive 
rational numbers has the transfinitc number A 1 has been 
established. 


Our first attempt to find an infinite class whose number is 



J 47 


PARADOXES OF THE INFINITE 

greater than A x has been a vain one. No doubt a few of us are 

A • ^ ^SSOS have the number A x . 

gain Cantor was able to show how wrong our guesses—based on 

intuition may be, for lie succeeded in proving (18 > that the 
transfinite number of the class o $ all real numbers is greater than A 1 . 

For our purposes we may define a real number as any number 
which is not imaginary—that is to say, which does not involve 
* T Thus the class of all real numbers includes not only the 
class of all rational numbers, but the class of all irrational numbers 
as well. Examples of irrational numbers are V 2, 5, tt, and 

log, 10. Such a number as V 2 arises in geometry when we 
attempt to measure the hypotenuse of a right triangle each of 
whose other two sides is 1 unit long (see p. 129); the number 
v 5 can be interpreted as a solution of the algebraic equation 
x' = 5; the number n is indispensable in the measurement of the 
circle, as is the number e in the study of the calculus; and so on. 

Before getting into Cantor’s proof we had better make three 
observations. The first of these concerns the precise meaning of 

greater than ” as applied to transfinite numbers. Recall the 
finite problem of the theatre and the audience. There we found 
we could say that the number of people is greater than the number 
of seats if there are any people standing—that is to say, if there arc 
any people to whom no seats correspond. Incidentally, we need 
point to only one person standing in order to draw this conclusion. 
We shall use this same criterion in connection with infinite 
classes. Suppose we are attempting to set up a one-to-one corre¬ 
spondence between two infinite classes. If we find that to every 
member of the first class there corresponds a member of the 
second class, but that there are some members (there need be only 
one) of the second class to which no member of the first class 
corresponds, then we can conclude that the transfinite number of 
the second class is greater than that of the first. 

The second observation concerns the possibility of finding a 
uniform representation for all real numbers. Such a representa¬ 
tion is furnished by non-terminating decimals. It was pointed 
out, in connection with the definition of a rational number (page 
144), that any repeating decimal is equivalent to a rational 
number. Conversely, every rational number is equiva¬ 
lent to a repeating decimal. Thus 1/3 can be expressed as 

0-333333333. . ., 10/9 as Mllllllll . . ., 63/55 as 1-145454545 
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. . and 10/7 as 1-4285/14285/ . . . Even such numbers as 
3 and 5/2, which we would ordinarily write as the terminating 
decimals 3-0 and 2-5, can be written in non-terminating form as 
2-999999999 . . . and 2-499999999 . . . Real numbers which 

are not rational—that is to say, irrational numbers—can be ex¬ 
pressed as non-terminating decimals which do not repeat. Thus 
y/~2 can be expressed as 1-414213562. . - as 3-141592654 . . ., 

e as 2-/18281828 . . . ( here the group “ 1828 ' appears to repeat, 
but docs not do so after the first nine decimal places), log, 10 as 
2-302585093 . . ., and so on. 

Our third observation is to the effect that we shall restrict our 
attention to the real numbers between 0 and 1. We shall show 
later liow to set up a correspondence between these numbers and 
all positive real numbers. 

And now for Cantor’s proof. T he gist of the argument is as 
follows. We shall assume that a one-to-one correspondence has 
been established between the natural numbers and the real 
numbers from 0 to 1. We shall then exhibit a number, also 
between 0 and 1, which cannot possibly be included in the 
scheme—in other words, a real number to which no natural 


number corresponds. 

In the assumed set-up let us denote the successive digits of the 
first real number, expressed as a non-terminating decimal, by 
a v rt 2 > a v • • •> those of the second number by b v b 2 , b v 
^4> • • •> an d so on. Then the correspondence between the 

numbers will look like Figure 88. Remember we are assuming 
that all real numbers between 0 and 1 appear in the array at the 
right. We now construct a number, denoted by 'ZiZ 2 Z 3 Z^ b Z^-i 
• . ., in the following way. Proceeding along the diagonal line 
of the figure, we choose Z\ different from a v z 2 different from 

b 2 > z 3 different from c 3 , z.\ different from d 4> z s different from e 5 , 
and so on. 

Now this new number obviously lies between 0 and 1. Fur¬ 
thermore it is not to be found anywhere in the array of real 
numbers, for it differs from the first number in the first decimal 
place, from the second number in the second decimal place, from 
the third number in the third decimal place, and so on. 
Consequently to this new number corresponds no natural number 
in the left-hand column. It follows that our assumption that the 
one-to-one correspondence could be established is false, and 
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that the transfinite number of the class of all real numbers between 0 and 1 
is greater than A v 

We shall denote this new transfinite number by the symbol C. 
We might be tempted to identify it with A 2 , the transfinite number 
next greater than A x . That C and A 2 are the same is perhaps 
true, yet no one has ever been able to prove it. In other words 
there may be a transfinite number greater than A x and at the same 

time less than C. The question is still an open one. (See note in 
Appendix, page 220.) 

* * * 

In order to show that the class of all positive real numbers also has 
the transfinite number C, we shall resort to a geometrical de¬ 
monstration which may be somewhat more convincing than the 
rather abstract arithmetical demonstrations we have used so far. 

Anyone who has ever seen a graph knows how we can represent 
real numbers by means of points on a straight line. Using a half- 
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line since we are working with positive numbers only—we call 
the end point 0 ancl think of the line as extending indefinitely to 
the right, ns in figure 89. Dividing the line into equal segments 
of an arbitrary length, we label the successive points of division 
with the numbers 1, 2, 3, 4, 5, 6, 7, . . . The points midway 
between the points of division arc labelled », *, 

and so on. In the same way we associate any real number r 
with some particular point—namely, that point which is at 
a distance of r units from 0. (The point 0 itself is associated 
with the number 0.) What we actually do, whether or not we 
have ever thought of it in this way, is to set up a one-to-one 
correspondence between the real numbers and the points of a line. 

Once the correspondence between the positive real numbers 
and the points of the half-line OR is established, the problem of 
showing that all positive real numbers can be put into one-to-one corre¬ 
spondence with the real numbers between 0 and / reduces to the problem 
of show ing that all points of the half-line OR can be put into one-to-one 
correspondence with the points oj the interval from 0 to 1. 

I he second of these problems is handled in the following way. 
On the half-line OR construct the rectangle OLMN as shown in 
figure 90. Make the length 0L of the rectangle 1 unit long; its 
height is immaterial. Let P be any point of OL. At P erect a 
line perpendicular to OL. This line meets the diagonal OAf at 
S. Draw NS> and extend it to meet OR at f) . The point P of 
OL is thus paired with the point Q^of OR. In exactly the same 
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way, P 1 is paired with Q v I\ with Q 2 , and so on. Conversely, 
given the point Q of OR, the corresponding point P of OL can be 
located by drawing QJV and dropping a perpendicular to OL 
from the point S at which (fN meets OM. The correspondence 
is obviously one-to-one, for to every point of OL corresponds one 
and only one point of OR, and to every point of OR corresponds 
one and only one point of OL. 

Our argument not only proves that the class of all positive real 
numbers has the transfinite number C, but uncovers a new and 
startling paradox as well. For we have just shown that there are no 
more points in a line oj infinite length than in a line segment one unit long! 

* * * 

If we set out to look for a transfinite number greater than C, it 
might occur to us to investigate the class consisting of all the points 
of a plane. For surely there are more points in a plane than in a 
line. But are there? We ought by this time to have learned to 
be suspicious of our intuitive guesses. 

In order to work with points of a plane we extend the relation¬ 
ship between single real numbers and points of a line to a similar 
relationship between pairs of real numbers and points of a plane. 
Thus in Figure 91 the point I\, which is 2 units from OT and 3 
units from OX, can be represented by the pair of real numbers 
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(2, 3). Similarly, any point P of the plane can be made to 
correspond to the pair of real numbers (x,y), in which the first 
number represents the distance of P from OT in the direction of 
OX, and the second number the distance of P from OX in the 
direction of 0). The correspondence is evidently one-to-one, 
for to evciy point there corresponds one and only one pair of 
numbcis, and to every pair of numbers there corresponds one and 
only one point. (It is to be noted that since we arc confining our 
attention to positive real numbers, we are restricted to those 
points which lie to the right of 01 * and above OX. The repre¬ 
sentation of points elsewhere in the plane involves the use of 
negative numbers.) 


Now in Figure 92 consider the square OLMN, each side of 
which is one unit long, and the line segment OS, which is also one 
unit long. We shall show that to every point P of the square 
there corresponds a point Q,of the unit segment. 

Let the point P be represented by the pair of numbers (x, y). 
Since both * and_y arc less than 1, they can be expressed (sec page 
148) as the non-terminating decimals, 


at = 'X l x. i x 3 x i x b x 6 x 1 x s . . 

y = 'y\y%y*yo*yoiy* • • • 

Now from the successive digits of the numbers x and_y let us form 
the number 


z ‘ x iy’i x 2 y 2 x 3 y 3 x 4 yA x sy5 • • • 

(For example, if at = -3427427427 . . . and y = -6129846035 
. . ., then z = *36412279482476402375 . . .) This number 

certainly has a value between 0 and 1, and can therefore be 
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represented by a point Q of the line segment OS. That is to say, 

given the point P ol the unit square, we can determine * and y, 

and therefore £, and so can locate the corresponding point Q of 
the unit segment. ~ 

Our argument shows very simply that there are no more points 
in the unit square than in the unit linc. (19 > The proof can be 
extended to show that there are as many points in the unit line as 
in a plane of infinite extent. Indeed, if we wish to carry the 
argument still further, we can show that there arc as many points 
in a line one inch long as in all of three-dimensional space. 
Finally, if we wish to go to an extreme which appears to be 
utterly ridiculous, we can prove that there are as many points in a 
line a billionth of an inch long as there are in the whole of a space of 
4, 5, 6, . . ., n , or even A dimensions ! (20) 

* * * 

The problem of finding a class whose transfinite number is 
greater than C is somewhat more complicated than the problems 
we have so far tackled. And most of these have no doubt been 
complicated enough. We shall therefore content ourselves with 
the statement that it has been proved that there is an infinitude of 
transfinite numbers, and that they can be arranged in order of 
increasing size. Just as there is no last—or largest—natural 
number, so there is no last—or largest—transfinite number. (2I > 

Before leaving the transfinite numbers entirely, however, let us 
look at the results of certain arithmetical operations on them. If 
n is any finite natural number, and if A 1 and C are the transfinite 
numbers with which wc are acquainted, then, incredible as it may 
seem, the following conclusions can be shown to be true. 

A + n = A v 

A i T A j = A j, 
n . A 1 = A x , 

A y.Ay = Ay, 

(A)" = A, 

(2A = (A,)** = c, 

C + n — C, 

C + Ay = C, 
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and so on. 


c+c= c, 

n.C = C, 

C . C = C, 

(cy = c, 

(cy- = c, 

(2) c = (C) c = a new transfinite number, 



* 


We need not think, in closing this chapter, that we have seen 
the hist of the infinite and its vagaries. In the following chapters 
particularly the next two—there is ample evidence of the fact 
that the notion of infinity is one of the greatest enemies of the 
mathematician’s peace of mind. 


CHAPTER EIGHT 


WHAT ARE THE CHANCES? 

(Paradoxes in Probability) 

IH!? 54 ^ ChGVa ! ier de M "e> gambler and amateur mathe- 

dSon of sfT l ° BlaiSC Pa$Cal " Pr ° b)em conc er n i ng the 
P ob em L F m " gam e ° f dice ‘ Pascal communicated 6 the 

' JeorvTf iTo Wh l haS subse< 3 uentl y become the modern 

2c I ° ‘n* % , ThU l did " SimpiC problem 

fnundat H f P , U techni( 3 ue which constitutes the very 

mucfn^h T UCal StadStiCS > and > throu g h statistics, of 

much of the mathematics of economics and industry. 

ha^T (T' atbematlcal theories, in the course of their development, 
have suffered severely from what might well be called “ growing 

pains. The theory of probability is no exception. Numerouf 
contradictions have arisen and have led to bitter controversies 
oyer concepts of the most fundamental nature. It is these contra¬ 
dictions with which we shall be concerned. In some instances 
we may not be able to arrive at an entirely satisfactory solution of 
the difficulty. A few of the problems involve high-powered ideas 
m o which we shall not have time to go in detail, while others are 
still in dispute among even the better mathematicians. 

In order to see how easily misunderstandings may arise, con¬ 
sider the type of problem originally discussed by Pascal and 
Fermat Suppose that two players, A and B, contribute equally 
to a stake of ^12 They agree that the first player who makes 3 
points shall win the entire stake. After A has won 2 points, and 

B has won 1, they agree to stop. How should the stake be 
divided ? 

Offhand this problem appears to be very simple. We may well 
argue that since A has twice as many points as B, A’s share should 
e twice B s. That is to say, A should take £8, and B £4. But 
now suppose they were to play the next point—the one they have 
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agreed not to play. If A were to win this point, the whole stake 
of £12 would be his. If he were to lose, the score would then be 
2 to 2, and they would split the £12 evenly. Thus A is sure of 
getting £6 anyway. And assuming that he has an even chance of 
winning the next point, his share of the remaining £6 should be 
half that amount. In other words, A should take £9, and B £3. 

It is not difficult to see that the second solution is correct if A 
and B arc to stick to their original agreement concerning the 
winning of the stake. Had they agreed to divide the stake in 
proportion to their scores at any stage of the game, the correct 

solution would of course be the first one. 

But we must not jump too quickly into the midst of difficulties. 
We had better spend a few moments discussing some of the basic 
principles of probability, in order to prepare ourselves for the 
troubles that lie ahead. 

* * * 

Laplace, an eminent French mathematician of the late eight¬ 
eenth and early nineteenth centuries, once described the theory 
of probability as nothing but “ common sense reduced to calcula¬ 
tion.” Let us sec to what extent the following anecdote justifies 

this description. 

Two college students arc trying to decide howto pass an evening. 
They finally agree to let their decision rest on the toss of a coin. 
Heads, they go to the cinema. Tails, they go out for beer. And 

if the coin stands on edge, they study ! 

This story is not as trivial as it may seem, for wc can learn much 
from it. Common sense, basing its judgment on past experience, 
tells us that the boys will be spared the necessity of studying. In 
other words we know instinctively that the coin will not stand on 
edge, but that it will cornc to rest with either heads or tails show¬ 
ing. Moreover, if the coin is a fair one—if it doesn’t have heads, 
say, on both sides—we arc morally certain that the possibility of 
heads and the possibility of tails arc equally likely possibilities. 

Now the theory of probability is based on the assumptions we 
make concerning such questions as these: What is the probability 
that the coin will stand on edge? What is the probability that it 
will show cither heads or tails? What is the probability that it 
will show heads ? What is the probability that it will show tails ? 

In order to discuss these questions in mathematical terms, it is 
necessary to assign numerical values to the various probabilities 


paradoxes in probability Ir 

involved Suppose for the moment that we denote by b the 
S nee it is equally likely that the coin will show tails, Ihe probt 

the coin win IT h r e J he ValUC P - But vve arc that 

he coin will show either heads or tails. Hence 2 p must have the 
value of certainty of the probability that an event which is 
bound to OC c ur w i,l occur. We can choose for certainty any value 
we p leas e. It is customary, and convenient, to choose the value I 

St the 7 ■U V \ aSSU , mC that 2P = L Thcn the Probability 

that • I 1 !! W Sh x OW eads is h that k wil1 show tails, and 

that it will show either heads or tails, l- -}- 1 or 1 

in the S? generaHze ° ur definitio " of',he measure of probability 

in the following way: Suppose that the number of ways in which a certain 
event can happen is h, and that the number of ways in which it can fail to 
happen is f Suppose further that the ways in which the event can happen 
or fail to happen are all equally likely. Then the probability that the 

‘ftth Tn haPP 7 l (/ ' + ^ ’ tke P robabllll y ^at it will fail to happen is 

litt Jn run Pr ° babmty that lt wiU kn PP m or f ail >° happen is 
hl(h +/) + f/(h +/) = ( h +f)l(k +f) = 1. For example, sup- 

pose a single marble is to be drawn from a box containing 3 red 

marbles and 7 white marbles. Then the probability of drawing 

a red marble is that of drawing a white marble is , r „, and that 

o drawing a red marble or a white marble is ;\ t -f- l 7 o) or r 

In our example of the coin, the only question we have left un¬ 
answered is that which concerns the probability that the coin will 

— 1 1 ^ • 0 ^ coin cannot stand on 

edge, but that it must fall in either of two ways—with heads sliow- 

1U u-°[ tai,S showin &- That is to say, the number of ways in 
which the coin can stand on edge is 0, and the number of ways in 

which this event can fail to happen is 2. Therefore the prob¬ 
ability that the com will stand on edge is ", or 0. The same reas¬ 
oning can be applied to the problem of the box of red and white 
marbles. Since there is no possible way of drawing a marble of 

any colour other than red or white—say black—then the prob¬ 
ability of drawing a black marble is 0. 

To summarize our findings briefly, we shall say that the prob¬ 
ability of the occurrence of an impossible event is 0, the probability 
ol the occurrence of an event which is certain to occur is 1, and the 
probability of the occurrence of a doubtful-but-nevertheless- 
possible event is some fraction between 0 and 1. 
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Now let 11 s consider a few straightforward examples concerning 
throws with dice. These examples will serve not only to fix in 
our minds the ideas just presented, but will also introduce us to 
one or two elementary short-cuts which we may find useful later 
on. 


1st die 1st die 



2nd die 2nd die 


1st die 


1st die 



□ □ 0 □ E3 ED 


□ □ ED □ E3 O 


2nd die 2nd die 

Fig. 93. There are 3G possible throws with a pair of dice 


What is the probability of throwing a two with one throw of a 
single die? Since the die has six faces, any one of which may 
turn up, there is a total of six equally likely ways in which the 
desired event can occur or fail to occur. There is only one way 
in which it can occur. Therefore the probability is 

What is the probability of throwing a two or a three with one 
throw of a single die ? Again there is a total of six ways in which 
the proposed event can occur or fail to occur. There are two 
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ways in which it can occur. Therefore the probability is £, or £. 
The same result can be arrived at in another way. Noting that 
the probability of a two is a, and that the probability of a three is 

we can say that the probability of a two or a three is a + A, or a. 
This argument can be extended to the following general 
principle: If p x , p 2 , p a , . . p n are the respective probabilities of n 
mutually exclusive events , then the probability that one of the events will 
occur is the sum of these probabilities , or p 1 -f- p 2 -f- p 3 -f- . _|_ p r 

(The throwing of a two and the throwing of a three are mutually 

exclusive events since they cannot both happen in one throw with 
a single die.) 

What is the probability of throwing two ones with one throw 
of a pair of dice? Since every number on the first die can be 
associated with 6 numbers on the second, and since there are 6 
numbers on the first die, the dice can fall in any one of 6.6 = 36 
possible ways. This point is illustrated in detail in Figure 93. 
Of the 36 possibilities, only 1 is favourable—that in which the 
number on both dice is one. Hence the probability of throwing 
<£ snake-eyes ” is Note that this same result could have been 
obtained by the following argument. The probability that the 
first die turns up a one is £, and the probability that the second 
die turns up a one is also £. Therefore the probability that both 
dice turn up ones is (£)(£), or J tT . In general we can say that if 
Pi > p 2 > p39 • • -J Pn ore the respective probabilities of n independent events , 
then the probability that all n of the events will occur at once is the product 
of these probabilities , or (p x ) (/> 2 ) (p 3 ) . . . ( p n ). (The throwing of 
a one with the first die and the throwing of a one with the second 
die are independent events because the first has no effect what¬ 
ever on the second.) 

One more general point. Note that if p is the probability that a 
certain event will occur , then the probability that it will fail to occur is 
1 — p . Thus, in our last problem, if :i \- is the probability of 
throwing 2 ones with a pair of dice, we can conclude that the 
probability of not throwing 2 ones is 1 — ( ; jV), or :{£. This result 
is easily verified by noting that if the event can happen in only 1 
of 36 possible ways, then it can fail to happen in 35 of those 36 
ways. 

* * * 

We are now ready to begin our excursion into the paradoxes of 
probability. Our first example is of some historical interest in 
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that D’Alembert, a first-rate French mathematician of the 
eighteenth century, failed to solve it correctly. 

In two tosses of a single coin, what is the probability 
that heads will appear at least once? 

Noting that heads on the first toss can be associated with either 
heads or tails on the second toss, and that tails on the first toss 

© © 0 

© © © 

case case case case 

12 3 4 

I'lG. 94. t lie four possible results of two tosses of a single coin 

fan similarly be associated with either heads or tails on the 
second toss, the total number of possible cases is 4, as indicated 
in Figure 94. Of these 4, the first 3 arc favourable in that they 
contain at least 1 head. Therefore the desired probability is J. 

When this problem was proposed to D’Alembert in 1754, lie 
argued as follows: (a) There are only 3 cases: heads on the first 
throw, or heads on the second throw, or heads not at all. Now 
2 of these 3 cases—the first 2—are favourable. Therefore the 
desired probability is §. 

It does not take long to sec why this second solution is wrong. 
D’Alembert’s first case included the first two cases shown in 
Figure 94. In other words, “ heads on the first throw ” meant, 
to D'Alembert, “ heads on the first throw regardless of what 
happens on the second throw,” whereas “ heads on the second 
throw ” meant “ tails on the first throw followed by heads on the 
second throw.” It is true of D’Alembert’s system that one of his 
three possibilities must occur, and that the possibilities arc 
mutually exclusive. The trouble is that they arc not equally 
likely. It is evident at once from Figure 94 that " heads on the 
first throw regardless of what happens on the second throw ” 
(cases 1 and 2) is twice as likely as “ tails on the first throw and 
heads on the second ” (case 3). 




1st tOS3 


2nd toss 



161 


PARADOXES IN PROBABILITY 

The solutions of the following two problems, which involve 

difficulties similar to those just discussed, will be found in the 
Appendix. 

Paradox 1. Three coins are tossed at once. What is 

THE PROBABILITY THAT ALL THREE COME DOWN ALIKE-THAT IS 

TO SAY, THAT ALL THREE ARE EITHER HEADS OR TAILS? (3) 

(a) We can say with assurance that of the three coins tossed, 
two of them must come down alike—both heads or both tails. 
What of the third coin? The probability that it is heads is 
that it is tails, also £. In either case the probability that it is the 
same as the other two is Consequently the probability that all 
three are alike is 

(b) But now suppose we use an argument involving the 
multiplicative and additive principles discussed earlier. For the 
moment let us fix our attention on heads. The probability that 
the first coin is heads is that the second is heads, \; and that 
the third is heads, Hence the probability that all three are 
heads is (JKiHi)* or i- exactly the same way, the probability 
that all three are tails is £. Therefore the probability that all three 
are alike—either heads or tails—is £ -f- £, or £. 

Which result are we to accept, £ or J? 

Paradox 2. Peter and Paul (favourite characters with 
writers on probability) play a game of marbles. Peter has 
two marbles, Paul one. They roll to see which comes 

NEARER SOME FIXED POINT-SAY A STAKE SET IN THE GROUND. 

Assuming that they are equally skilful, what is the prob¬ 
ability of Peter’s winning? (4) 

(a) Since the players are equally skilful, all 3 marbles have the 
same chance of winning. But 2 of the 3 marbles are Peter’s. 
Therefore the probability that Peter will win is §. 

(b) There are 4 possible cases. Of Peter’s 2 marbles, both 
can be better than Paul’s, or the first can be better and the second 
worse, or the second can be better and the first worse, or both can 
be worse. Of these 4 cases, the only one which makes Peter lose 
is the last—that in which both of his marbles are worse than 
Paul’s. Hence the probability that Peter will win is f. 

Which result are we to accept, f or £ ? 

* * 


* 
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A number of paradoxes were discussed by the French mathe¬ 
matician J. Bertrand in his Calcul des Probability , a scholarly 
treatise which appeared in 1889. One of these in particular has 
been used as an illustrative example in almost every subsequent 
textbook on probability. Generally known as “ Bertrand’s box 
paradox,” it runs as follows. (5) 

Three boxes are identical in external appearance. The 

FIRST BOX CONTAINS TWO GOLD COINS, THE SECOND CONTAINS TWO 
SILVER COINS, AND THE THIRD CONTAINS A COIN OF EACH KIND— 
ONE COLD AND ONE SILVER. A BOX IS CHOSEN AT RANDOM. WHAT 
IS THE PROBABILITY THAT IT CONTAINS THE UNLIKE COINS? 

This problem appears to be straightforward enough. There 
are 8 possible cases: gold-gold, silver-silver, and gold-silver. 
Since the boxes are identical in appearance, the 3 cases are 
equally likely. And of the 3 only 1—the last—is favourable. 
Therefore the desired probability is J. 

Granting that the solution just suggested is correct (which it is), 
what is to be done with the following argument? Suppose we 
choose a box and remove one of the two coins in it. Regardless 
of whether this coin is gold or silver—it is not at all necessary to 
examine it—there arc only 2 possible cases : the remaining coin 
is cither gold or silver. In other words, it is either like or unlike 
the coin that lias been removed. Of the 2 specified possibilities, 

1 is favourable. Hence the probability that the second coin is 
unlike the first is £. VVc arc therefore led to the startling con¬ 
clusion that the removal of one coin from one of the boxes raises 
the desired probability from J to I ! There is certainly some¬ 
thing wrong with this argument, for the mere removal of one coin 
docs not increase our knowledge of the nature of the remaining 
coin. 

A number of solutions of this paradox have been proposed, and 
special techniques have been devised to take care of this difficulty 
and of similar difficulties.* 6 ’ Let us see if Bertrand’s own ideas 
about the matter are sufficiently satisfactory. 

Bertrand maintained that, one coin having been removed, the 
possibilities subsequently specified are not equally likely. That is 
to say, if we suppose that the first coin removed is gold, the second 
coin is less likely to be silver than gold. Why? Well, for 
simplicity denote the box containing the two gold coins by B 0 » 
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laith in the first solution is restored. 


In ,.p|. the P roble ms so far discussed the total number of 
possibilities the number of ways in which the event under con 
^deration can happen or fail to happen-has been finite A host 

of contradictions arise when the number of possibilities is infinite 
as is the case m the next few examples. 9 

CJlVENf A LINE SEGMENT AB AND ANY POINT P ON AB A POINT 

OF AB IS CHOSEN AT RANDOM. WHAT IS THE PROBABILITY THAT 
THE POINT CHOSEN IS P? Y THAf 

Here the number of possibilities is evidently infinite, for it was 
shown in Chapter 7 that a line of finite length contains an inflate 
number of points For the moment let us ignore the point P and 
consider a simpler problem. Suppose we* divide the segment 
AB into 10 equal intervals, as in Figure 95. When we sayfhat a 



Fig. 95 


point of AB is “ chosen at random ” we mean simply that all 

probaE iB re l qUa1 ^ ’ ikcly to contain the P° in ‘- Hence the 
P abihty that the point chosen lies in any specified interval_ 
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say the interval labelled k —is , . Similarly, if AB is divided into 
100 equal intervals, the probability that the random point is 
contained in any specified interval is 1 , 1 I(1 . And so on. Note 
that in every case the probability is the ratio of the length of the 
interval to the length of the whole segment. We can safely 
generalize this notion and state the following principle. If a 
point is chosen at random on a line segment of length L, the probability 
that it falls in a specified interval of length k is kjL. 

Let us see what happens when we try to apply this principle to 
our original problem. For simplicity call the length of AB 
10 inches. Now P, being a point, has no length. In other words, 
P occupies an “ interval ” of length zero. But the probability 
that the random point falls in an interval of length zero is 
or 0. And zero probability, as we saw earlier in the chapter, 
means that the event cannot occur. Therefore it is impossible 
for the random point to coincide with P. Since P is any given 
point of. IP, it follows that the random point cannot coincide with 
any point of the line. Hence the random point is both a point of 
the line and yet not a point of the line—a nice dilemma ! 



Fig. 96 


To get round the difficulty here we must attack the problem 
from the point of view ot limits, a notion we discussed in connec¬ 
tion with infinite scries. First suppose we make P the mid-point 
of an interval of length 1 inch, as in Figure 96. Then the 
probability that the random point lies somewhere in this interva 
is If we make the interval 01 inch long, keeping P the mid¬ 
point as beiore, tne probability is If we make the interval 

0 01 inch, the probability is , ; if 0 001 inch, , O .j 0 - 0 ; and so on 


indefinitely. 

Now the limit of the contracting interval is the point P itself. 
Consequently the probability that the random point coincides 
with P is the limit of the sequence of probabilities that the point 
lies somewhere in the interval at each successive stage of its 
contraction. If we continue, at each stage, to cut the interval 



paradoxes in PROBABILITY jg 5 

xzgzr * ,hM 

J 1 1 1_ 1 1 

io 5 loo 5 iooo’ 10,000’ i007)00’ i,000,000’ * * * 

The limit of this sequence, as we make the interval about P 
ma er and smaller, is zero. But this observation docs not 
necessarily mean that the probability ever is zero Tt J T 

means that we can make the probability as near zero as we plca!e 
by making the interval about P sufficiently small. P 

At the risk of confusing the issue rather than clarifying it let 

us look at a different, but more concrete, example. Suppose that 

a box contains 1 red marble and 9 white marbles, and that a 

single marble is to be drawn. Then the probability of drawing 

he red marble is T V. If we increase the number of white marbles 

o 99, the probability of drawing the red one is , U~- If we increase 

the number of white marbles to 999, the probability is ' 

nd so on. As we go on adding white marbles, the probability 

of drawing the single red one becomes smaller and smaller, and 

we can make it as small as we please by adding a sufficient 

number of white marbles. But the probability of drawing the 

red marble is never zer^-the red marble is always there, and 

there is always some chance, however small, that it will be drawn 

In a word, we must distinguish in our minds between “ zero ” 

on the one hand and “ infinitely small,” or “ infinitesimal,” on 

the other We can then say that although the desired probability 

is, for all practical purposes, zero, it is, theoretically speaking- 

not zero but infinitesimal. This same distinction must be made 

whenever the number of favourable cases is finite and the number 
ot possible cases is infinite. 

The contradictions encountered in the following two problems'’) 
can be handled in the manner just discussed. 


Paradox 1 . Since all even numbers are divisible by 2, the 
only even prime number is 2 itself. That is to say, the number of 
even primes is 1. But the total number of primes is infinite (see 
page 27). Therefore the probability that an arbitrary prime 
number is even is zero. This conclusion implies that it is imposs¬ 
ible for a prime number to be even. Consequently the prime 
number 2 does not exist. 
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Paradox 2. The largest known prime number is 2 127 — 1 
(see p. 27). Hence the number of known primes is finite. But 
the total number of primes is infinite. Therefore the probability 
that an arbitrary prime number is known is zero. That is to say, 
it is impossible for a prime number to be known. Therefore no 
prime numbers are known. 

* * * 

The following problem <s) brings to light another difficulty 
which arises when the total number of cases is infinite. 

A REAL MEMBER-RATIONAL OR IRRATIONAL-BETWEEN 0 AND 10 

IS CHOSEN AT RANDOM. WlIAT IS THE PROBABILITY THAT IT IS 
GREATER THAN 5 ? 

Using the technique we have developed in connection with a 
random point on a line, we divide a segment 10 units long into 
two intervals, each of length 5 units, as in Figure 97. Then the 


E 

0 


Favourable interval 



4- 

6 


H 

10 


Fin. 97 


probability that the number chosen lies in the favourable interval 
is /• , or f 

Let us, for a moment, look at a related problem. 

A REAL NUMBER—RATIONAL OR IRRATIONAL-BETWEEN 0 AND 

100 IS CHOSEN AT RANDOM. WHAT IS THE PROBABILITY THAT IT 
IS GREATER THAN 25 ? 

This time we divide a segment 100 units long into two intervals, 
the first of length 25 units, the second of length 75 units, as in 
Figure 98. The favourable interval in this case is the second one. 




Favourable interval 


K 
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5 2 - 25 


Fig. 98 
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And the probability that the random number is greater than 25 
is y V, or f. 

Now consider the fact that every number between 0 and 25 

has a square root which lies between 0 and 5, and every number 

between 25 and 100 has a square root which lies between 5 and 

10. We can therefore interpret the results of our two problems 

in this way: if a number between 0 and 10 is chosen at random, the 

probability that it is greater than 5 is whereas if the square 'of the 

number is chosen at random, the probability that the number is 
greater than 5 is f ! 

What is going on here ? Should not the desired probability be 
the same regardless of whether the number or its square is chosen 
at random? Let us scrutinize the two problems more carefully. 

In the first problem we probably based our assumption that 
the two intervals were equally likely on the idea that the real 

numbers between 0 and 10 are evenly distributed along the line_ 

that there are, so to speak, just as many real numbers between 0 
and 5 as between 5 and 10. But now consider the squares of all 
such numbers. Every number in the interval 0 to 5 of Figure 97 
has a square which lies in the interval 0 to 25 of Figure 98; and 
every number in the interval 5 to 10 of Figure 97 has a square 
which lies in the interval 25 to 100 of Figure 98. There are, in 
other words, just as many real numbers between 0 and 25 as 
between 25 and 100. (This idea is not a new one. In the last 

chapter we established the fact that there are as many points_ 

corresponding to real numbers—on a line of finite length as on a 
line even of infinite length.) We are therefore led to the con¬ 
clusion, whether we like it or not, that the intervals 0 to 25 and 25 
to 100 are equally likely to contain a number picked at random 
between 0 and 100. 

But in the second problem we went on the assumption that the 
numbers between 0 and 100 are distributed evenly along the line 
and that there are, so to speak, three times as many numbers 
between 25 and 100 as between 0 and 25. That is to say, we 
assumed that the interval 25 to 100 is three times as likely to con¬ 
tain the random point as the interval 0 to 25. This assumption, 
after all, is a reasonable one. It is the one we should have made 
had we had no knowledge of the first problem, but had been 
thinking simply of a number picked at random between 0 and 100. 

The way out of all this confusion is not entirely clear. The 
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difficulty is concerned with the proper choice of a set of equally 
likely cases, a matter on which the mathematicians themselves 
are not agreed. One group, following Bertrand, would dismiss 
all such problems by pointing out that infinity is not a number 
and that we cannot describe, in terms of finite probabilities, 
choices made at random from an infinitude of possibilities. This 
attitude indeed offers a way out, but not a very happy one, for it 
requires junking many results and techniques which have been 
found to be extrcmelv useful. 

J 

Perhaps the most satisfactory attitude for us to take is the 
pragmatic one. Granting, when the number of cases is infinite, 
that the choice of a set of equally likely cases is arbitrary, let us 
choose that set which common sense tells us is the most practical 
for the particular problem under consideration. Thus, in the 
two problems we have been discussing, the set used in the first 
problem certainly appears to be more practical for that problem 
than the set used in the second problem would be. What man 
of the street, confronted with the problem of determining the 
probability that a random number between 0 and 10 is greater 
than 5, would go ofl into calculations concerning the square of the 
random number and come out with the answer j l ? The common- 
sense answer is 

Wc shall see shortly that the pragmatic attitude is not always 
entirely satisfactory, but the great argument in favour of it is the 
status of the theory of probability today. The theory is what it is 
because those who were responsible for its development were 
practical men who had the good common sense to make practical 
assumptions when they needed them. Had they stopped to 
wrangle over every theoretical point which arose, the theory 
might have died almost at birth. Instead, it has grown to be a 
powerful weapon of research in many fields. 

The following paradoxes (9) illustrate how difficult it frequently 
is to decide what set of equally likely cases is the most workable in 
a given situation. 

Paradox 1. Of a certain substance, it is known only that its 
specific volume lies between 1 and 3. It is therefore reasonable 
to assume that its volume is as likely to lie between 1 and 2 as 
between 2 and 3. 

But now consider the specific density of the substance. The 
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volume and density are related by the formula D = 1/F. Since 
the volume lies between 1 and 3, the density lies between 1 and £. 
And since we know nothing else about the density, it is reasonable 
to assume that it is as likely to lie between 1 and § as between -ij and 
Consequently the volume, which is the reciprocal of the 
density, is as likely to lie between 1 and :} as between :! and 3; 
that is to say, between 1 and 1*5 as between 1*5 and 3. This* 
conclusion, of course, contradicts our first conclusion that the 
volume is as likely to lie between 1 and 2 as between 2 and 3. 

Paradox 2. A chord is drawn at random in a given circle 
What is the probability that the chord is longer than one 

SIDE OF THE EQUILATERAL TRIANGLE INSCRIBED IN THE CIRCLE? 

(a) In Figure 99, let ABC be the inscribed equilateral triangle, 
and let DAE be tangent to the circle at A. The random chord 




Fig. 99 


can be thought of as drawn through A and any other point of the 
circle. Any chord lying within the shaded 60° angle BAG is 
longer than one side of the triangle, and is therefore a favourable 
case. Any chord lying within either of the 60° angles BAD or 
CAE is shorter than one side of the triangle. In other words, all 
possible cases lie within the 180° angle DAE , and all favourable 
cases within the 60° angle BAC. Consequently the desired 
probability is yW or J. The temporary fixing of the point A is 
of course no restriction, for the same argument would hold regard¬ 
less of the position of A. 

(b) Next think of the random chord as drawn perpendicular 
to the diameter AK through any point of AK , as in Figure 100. 
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It is easy to show that the distance from the centre of the circle 
to any side of the triangle is equal to half the radius of the circle 
In particular, O.U is one half the radius OK, or one fourth the 
diameter AK. Now it is evident that if we lay off OjY equal to 
O.U, then any chord in the interval MX is greater than one side 
of the triangle. The random chord can be drawn through any 
point of AK. Chords which arc longer than one side of the 



F, o. 100 Fig. j o 1 


triangle are, as we have 


seen, those which lie in the interval AIN — 


an interval whose length is half that of AK. Therefore the de¬ 
sired probability is h The temporary fixing of the diameter 
AK is no restriction, as tMe same argument would apply for any 
other position of the diameter. 


(c) In figure 101 a circle has been inscribed in the given equi¬ 
lateral triangle. As was pointed out in (b), the radius of the 
inscribed circle, OAf> is half the radius of the original circle. 
Furthermore, a glance at the figure shows that if DE is any chord 
whose distance from the centre is greater than OM, then DE is 
shorter than BC\ whereas if EG is any chord whose distance from 
the centre is less than 0M y then EG is longer than BC. Finally, 
note that the distance of a chord from the centre of tlie circle is 
measured by the distance of its mid-point from the centre. Now 
the random choi d can have as its mid-point any point within the 
large circle, and the mid-points of all chords having the desired 
propei ty lie within the small circle. Hence the probability that 
the random chord is greater than one side of the equilateral 
triangle is the ratio of the area of the small circle to that of the 
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examole 8 bri fy the re ^lts of this rather lengthy 

example. If we assume that the chord, passing through a noim 

wkh theTa 11 r Ce ° f drde ’ ^ 35 Hkely t0 m ake one Lgle 
with the tangent as another, then the probability is A If L 

assume that the cho^, drawn perpendicular to a diameter of the 

arc e, is as likely to pass through one point of the diameter as 

another, then the probability is f Finally, if we assume that the 

mid-point of the chord is as likely to be one interior point of the 

circle as another, then the probability is £. What is the most 

practiced set of equally hkely cases here ? One guess is as good as 


(The next two paradoxes involve some knowledge of solid 
geometry and trigonometry. They will be discussed briefly for 
the benefit of those who are acquainted with these subjects.) 


Paradox 3. A plane is chosen at random in space What 

IS THE PROBABILITY THAT IT MAKES AN ACUTE ANGLE OF LESS THAN 
40 WITH THE PLANE OF THE HORIZON? 

•T hC L ran , d0m Plane Can makc any an S Ic be twecn 0° and 
90 with the plane of the horizon. Only angles between 0° and 

45 are favourable. Therefore the probability is -JJ, or *5. 

(b) From the centre of an arbitrary hemisphere of radius r, the 
plane of whose base is horizontal, draw a perpendicular to the 
random plane. Then to choose the plane at random is to choose 
at random the point where the perpendicular to the plane inter¬ 
sects the hemisphere. If the plane is to make an angle of less 
than 45° with the horizontal, the perpendicular must intersect 
the hemisphere at some point of a zone whose area is 


27cr 2 (l — cos 45°) = 47rr 2 sin 2 22-5°. 

Then the desired probability is the ratio of the area of the zone to 
the area of the hemisphere. This ratio is 2 sin 2 22-5°, or -293. 


Paradox 4. Two points are chosen at random on the 

SURFACE OF A SPHERE. WHAT IS THE PROBABILITY THAT THE 
DISTANCE BETWEEN THEM IS LESS THAN 10 MINUTES OF ARC? 
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(a) Let one of the points be fixed, and through this point draw 

a fixed great circle. (These restrictions arc only apparent, for the 
argument to follow is valid for all choices of the first point and for 
all choices of a great circle through that point.) Now divide the 
great circle into 2160 equal arcs, each of length 10'. Favourable 
cases are those in which the second point lies in one or the other 
of the two arcs adjacent to the first point. Hence the desired 
probability is or -000926. 

(b) The first point having been fixed, the second point can lie 
anywhere on the sphere. If the distance between the two points 
is to be less than 10', however, the second point must lie on a zone 
whose area is 

2-/ 2 (l — cos 10') = 4:rr 2 sin 2 5', 

where r is the radius of the sphere. Therefore the desired prob¬ 
ability is the ratio of this area to that of the sphere—that is to 
say, sin 2 5', or 00000212. 

This example is remarkable in that the first result is more than 
400 times as large as the second ! 

* * * 

The last group of paradoxes showed how difficult it is to deter¬ 
mine the correct set of equally likely cases whenever there 
happens to be more than one possible set. An even more funda¬ 
mental problem is that which concerns the precise meaning of 
“ equally likely ”—a notion which is essentially intuitive and 
difficult to define. Indeed, the proper definition of “ equally 
likely cases ” has split mathematicians into two opposing camps. 
On the one hand arc the “ insufficient rcasonists,” who maintain 
that two cases are equally likely if there is no reason to think them 
otherwise. On the other hand arc the “ cogent rcasonists,” who 
maintain that two cases arc equally likely only if there is some 
definite reason to think them so. The distinction is in some ways 
a rather fine one. As a matter of fact, an insufficient reasomst 
might well be classed as a cogent rcasonist on the ground that, to 
him, the most cogent reason for thinking two things equally 
likely is the absence of any reason for thinking them otherwise ! (ll> 

We who have been following the discussions of this chapter 
should probably be classed as insufficient rcasonists because of the 
fact that we have spent very little time looking for good reasons 
why we should assume that two or more cases are equally likely. 
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u sed the one concerning volume and density. We were told 

at we knew nothing of a certain substance other than that its 

ume had some value between 1 and 3. In the absence of all 

other information, we assumed that the volume was as likely to 

he between 1 and 2 as between 2 and 3. The cogent reason^ 

iTthis profile UlV f kt h T Clfin f ° r the difficulties we encountered 
this problem, for at the very start he would have dismissed the 

probJem as one which simply cannot be discussed. 

. 1C C !f S1C exam P Ie used by the cogent reasonist to confound 
the insufficient reasonist is the so-called “ life on Mars paradox ” 

We shall present this paradox in the form of a dialogue between 

the cogent reasonist (C. R.) and the insufficient reasonist (I. R.). 

abffitv R of 111"” ^ M c r ‘ L R " What in y ° Ur °P inion is prob- 
abilny oflife, in some form or other, on the planet Mars ? 

I. R.. H , let me see. Well, since I am totally ignorant of the 
answer, I shall have to assume that the possibilities oflife and no 
life are equally likely. Therefore my answer is 4. 

C ;, R-: Ve f y S oocL But now let us look at the problem from 
horses'onMt; P ^ W ° Uld Y ° U ^ “ the P robabi,ity - 

eluded'' Again 1 C ° nfeSS t0taI i S norance > 50 a g a iu I must con- 

C. R.: And the probability of no cows ? 

I. R.: Again 

G. R.: And the probability of no dogs ? 

I. R.: Again 

[ This sort of thing goes on for several minutes, while C. R. names, let us 
say, 17 more specific forms oflife.] 

, ( ? ;R ' : _ V cry wdl. But now we must conclude that the prob- 
bihty of all these things occurring at once—no horses and no 
cows and no dogs and none of the other 17 forms oflife which I 
specified— 1S the product of the individual probabilities, or (I) 

• , j i ' tWCnty terms ’ W the Teader has forgotten the principle 
involved here, he should refer back to page 159.] In other words, the 

probability that none of these twenty forms oflife exists is Q) 20 , or 
i.o 4 8,6T«* Am I right so far? 

I. R. (beginning to understand the trouble for which he is headed ): 
Wh y> yes, I am afraid you are. 
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C. R.: Tiiank you. But if the probability that none of these 
forms of life exists is , (J , [ . . what, may I ask, is the probability 
that at least one of them exists? 

I. R.: Unfortunately, I must confess that this probability 
is the difference between your result and 1—that is to say, 

1 • * > 1 x. 5 7 
1 . i» 4 * . A 7 ' 

C. R.: And so, Mr. I. R., we arc led to two results concerning 
the probability of life on Mars. One of these is -5, and the other 
is about -999999—very near to certainty. Surely one of the two 
must be wrong. Can it be that your principle of insufficient 
reason is at fault ? 

Poor Mr. I. R. ! Wc have, of course, presented the dialogue as 
C. R. might have written it. Perhaps wc can find something to 
say in defence of I. R. Note that tlie paradox is based on two 
assumptions. In both solutions it is necessary to assume that we 
have absolutely no information concerning the existence or non¬ 
existence of life on Mars. And in the second solution it is 
necessary to assume that the occurrence of one form of life is 
absolutely independent of the occurrence of any otherformoflife— 
otherwise the multiplicative principle used in the argument 
would not apply. It is true that both these assumptions might 
be valid in a purely hypothetical universe, but the knowledge we 
have of our own universe makes them ridiculous. Once again 
the question is one of practicality. YVc do know something of the 
planet Mars, and wc do know something of the dependence of one 
form of life on another. These two facts arc sufficient to invali¬ 
date the argument of the cogent rcasonist. 

Much the same sort of difficulty is involved in a problem, dis¬ 
cussed by Bertrand, concerning weather predictions. (,2) 

Suppose one forecaster predicts that it will be fair tomorrow, 
and the probability that he is wrong is J. Suppose a second fore¬ 
caster predicts the same, and the probability that he is wrong is 
also J. Then the probability that both arc wrong would appear 
to be (!)(.'), or *V 

But arc the two predictions independent? Suppose the two 
forecasters have been educated at the same school, that they have 
adopted the same principles, and that they base their predictions 
on the same data. Then if one is wrong, the other will be wrong 
also, and the second factor of the above product is not but 1. 
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In other words, the accord of the two predictions does not lessen 
the chance of error. 

To cap the argument, suppose that one predicts “ rain ” and 
the other clear ” Assuming that “ rain ” means “ rain all day 
iong and that clear ” means “ clear all day long,” the prob- 
abihty that they are both right is not (f)(±), but, since the 
occurrence of this event is impossible, zero. 

Perhaps news of this sort should not be spread about. Wealthy 

people afflicted with interesting maladies may, if they hear of it 

have less confidence than usual in the coincident opinions of their 
three or four expensive specialists. 


* * * 

One of the most famous of all probability paradoxes is, like the 
problem which opened this chapter, a gambling problem. This 
is the “ St. Petersburg paradox,” originally proposed by Nicolaus 
Bernoulli in a letter dated September, 1713. The original 
problem was modified by Daniel Bernoulli—nephew of Nicolaus 
and discussed at length by him in the Transactions of the St. 
Petersburg Academy. Here it received its notoriety and its name. 
(It may be worth remarking, in passing, that the Bernoulli family 
produced eight mathematicians in three generations !) 


A COIN IS TOSSED UNTIL HEADS APPEARS. If HEADS APPEARS ON 
THE FIRST TOSS, THE BANK PAYS THE PLAYER £\. If HEADS 
APPEARS FOR THE FIRST TIME ON THE SECOND TOSS, THE BANK PAYS 
£2. If HEADS APPEARS FOR THE FIRST TIME ON THE THIRD TOSS, 
£4; ON THE FOURTH TOSS, £8; ON THE FIFTH TOSS, £16; AND SO ON.’ 

What amount should the player pay the bank for the 

PRIVILEGE OF PLAYING ONE GAME IN ORDER THAT THE GAME BE 

FAIR-THAT IS TO SAY, IN ORDER THAT NEITHER THE PLAYER NOR 

THE BANK HAVE AN ADVANTAGE REGARDLESS OF HOW LONG THE 
GAME GOES ON? 

First let us be sure we know what is meant by a “ fair game.” 
Consider the following simple example. A player undertakes to 
throw a four with one throw of a single die. The bank agrees to 
pay him £1 if he succeeds. What amount should the player pay 
if the game is to be a fair one ? 

In a single throw the probability of a four is obviously £. Now 
we cannot infer from this that the player will throw 1 four in 
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exactly 6 throws. We can infer, however, that in a large number of 
throws—say 6000—a four will occur about 1000 times, and that as 
we increase the number of throws, the ratio of the number of 
successes to the number of throws will approach more and more 
nearly to £. (This is an application of a theorem enunciated by 
Jacob Bernoulli, brother of Nicolaus.) The player's “ expecta¬ 
tion,” as it is called, is therefore J of £1 per game, and this amount 
is what he should pay the bank if neither he nor the bank is to have 
an advantage. 

One more example. Suppose the bank agrees to pay the 
player £\ if he gets a four on the first throw. If he fails, it will 
pay him £\ if he gets a four on the second throw. What amount 
should the player pay the bank in this instance? As before, the 
player’s expectation on the first throw is £ of £ I. His expectation 
on the second throw, however, is not £ of £1. He will collect on 
this throw only if he fails to collect on the first throw. Now the 
probability that he docs not get a four on the first throw is and 
the probability that he does get a four on the second throw is £. 
Hence the probability that he fails on the first and succeeds on the 
second is (;';)(^), or : .;V That is to say, his expectation on this 
throw is of £\. Finally, the player’s chance of collecting on 
the first throw or the second throw is J + or * His expecta¬ 
tion in this game is therefore JJ of£l—the amount he should pay 
if the game is to be fair. Note that here, as in any game of this 
kind, the total expectation is the sum of the expectations at each 
stage of the game. 

And now back to the original problem. Consider the first toss 
of the coin. The probability of heads is The amount involved 
is £\. Therefore the expectation on this toss is b of £\, or l(b. 
Consider the second toss. The player will collect on this toss only 
if he throws tails on the first toss and heads on the second. The 
probability that this will happen is (£)(£), or £. The amount 
involved is £2. Therefore the expectation on this toss is £ of £ 2, 
or 10 s. Consider the third toss. The player will collect on this 
toss only if he throws tails on the first two tosses and heads on the 
third. The probability that this will happen is (£)(£)(£)> or 
£. The amount involved is £4. Therefore the expectation on 
this toss is $ of £4 y or l(b. 

To show that the expectation on every toss is ioj., consider 
the Hth toss. The player will collect on this toss only if he throws 
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tails on the first n — 1 tosses and heads on the nth. The prob¬ 
ability that this event will happen is (*)(*)(*) ...($) to « 

lactors, or Now the number of dollars involved in the first 
toss is 1, or 2°; that in the second toss, 2, or 2 1 ; that in the third 
toss, 4, or 2 2 ; that in the fourth toss 8, or 2 3 ; and so on. Note 
that the number of dollars is always a power of 2, and that the 
power is always one less than the number of the toss. Hence the 
number of dollars involved in the nth toss is 2 n ~ 1 . Finally, then, 
the expectation on the nth toss is (i n )(2 n - 1 ), or 2 n - 1 /2 7 *, or 'lOr. 

Since the total expectation is always the sum of the expectations 
at each stage of the game, the total expectation here is 



I+I+1,1,1,1 
2 2 ' 2 * 2 1 2 2 


Now recall that play is to continue until heads turns up. Theor¬ 
etically there is no limit to the number of tails which may appear 
before the first head appears, and this means that the above series 
is to be summed to infinity. But the sum of an infinite number of 
terms of this series is obviously infinite. It follows that the player 

must pay the bank an infinite amount of money for the privilege of playing 
one game ! 

This result is absurd. No one would ever think of paying any 
great amount for such an opportunity. Yet the mathematics is 
correct. What is wrong, then? This question has been bother¬ 
ing mathematicians for some two hundred years, and as yet no 
one has found an answer acceptable to all concerned. A number 
of solutions have been suggested. < 13 > Of these, the following one 
probably appeals most to common sense. 

There is nothing wrong with the result we arrived at provided 
there exists a bank which has infinite wealth and which is conse¬ 
quently in a position to pay the player no matter how late in the 
game the first head turns up. But such a bank obviously does 
not exist. Suppose, then, that we investigate the expectation in 
the case of a bank whose wealth is limited to £1,000,000. 

As before, the probability that a head first appears on the nth 
toss is £ n . If a head does appear on this toss, the bank pays £2 n ~ 1 
provided this amount is less than £1,000,000. Otherwise it pays 
£1,000,000. That is to say, if p n denotes the probability that a 
head first appears on the nth toss, and if a n is the amount in pounds 
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paid by the bank for a win on that toss, then the expectation on the 
nth toss is p n . a n , where 



N 


provided 2 n ~ 


y 


is less than 1.000,000, 



2 n 

1,000,000 


provided 



is greater than 1,000,000. 


Now 2 19 is less than 1,000,000, while 2 20 is greater than 1,000,000. 
It follows that the first set of conditions applies when n is less than 
or equal to 20, and the second set when n is greater than 20. 
Therefore the total expectation in pounds is given by the ex¬ 
pression 


1 

2 




l ( 2 2 ) + ± ( 2 3 ) + . 


93 


. to twenty terms 




( 1 , 000 , 000 ) 



- 2 - 2 (1,000,000) -f- ... to infinity. 


Since each of the first twenty terms of this scries has the value 
the sum of the first part of the scries is 10. The second part is a 
geometric scries, the sum of which can be obtained by an element¬ 
ary algebraic formula. The value of this sum to four decimal 
places is -9536. The total expectation in the case of a £1,000,000 
bank is thus seen to be £10*95, a not unreasonable amount to pay 
for the privilege of playing. 

While wc are on the subject of gambling, here are two hints on 
how to win at roulette. They are included for the benefit of 
those who wish to take them for what they are worth. The 
author assumes no reponsibility in connection with either of them! 


Paradox 1. If you arc willing to take a chance on losing £10 
—but no more than £10—proceed as follows. Put £10 on red 
(or black) the first day. If you win, put £20 on red the second 
day. If you win, put £30 on red the third day. Continue as long 
as you win. If you lose, stop at once and never play again. 
Then if you ever lose, you lose no more than £10. But if you 
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continue to win, you will win 10 + 20 + 30 4 - , 

pounds by stopping after , he lst _ ^ ^ + „ + ” ' + 10 ” 

to o^heefand 1“ ^ ‘° b ' ahead » fb “t. 

red if J/r Wln ’ aH Wel1 and S° od - ^ You lose, put £2 on 

poured. And so on. Keep betting until you win Theoredc 

ally POSSiblC f ° r th f C bani to wi ? e you out financi- 

uy. Actually, however, runs of more than 10 or 12 successive 

blacks or reds are extremely rare, and your stake at the twelfth 

bl ^7°ahead e o°f n th y ° U * Win Y ° U wilI > as before > 

Sample,tS it p 6 bani ‘ Y ° U Can thCn ^ a11 over again! 

* * * 

As a final example of the pitfalls of probability we shall con¬ 
sider an amusing paradox proposed by Lewis Carroll. <“> 

A BAG CONTAINS TWO COUNTERS AS TO WHICH NOTHING IS KNOWN 

coi or EAGH IS EITI?ER BLACK ° R WHITE - Asce Rtain their 
COLOURS WITHOUT TAKING THEM OUT OF THE BAG. 

lns . isted that the answer is “ one white, one black ” 
by the following argument: We know that if a bag contains three 
counters, two being black and one white, the^robability of 

probabflity ° ne ^ S ’ and n ° ° ther StatC ° flhin ^ wil1 g^e this 

Now with two counters there are four equally likely cases • 
both counters can be black, or the first black and the second 
white, or the first white and the second black, or both white. 

°L brCVUy . WC , Sha denote these cases by BB, BW, WB, and 
WW respectively. Since they are equally likely, and since one 
of them must represent the true situation, the probability of each 

IS . 

R»n id R^D la T^i>« OUnter ‘ Then ’ aS before > the probabilities of 
BB, BWB, WBB, and WWB are each Now note that in the 

case of ARB the probability of drawing a black counter is 1; in 

that of BWB, f; in that of WBB, §; and in that of WWB, i. 

Therefore the probability of drawing a black counter from the 
bag is 
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12 12 11 1 
1 • 4 « ^•4 * 3*4'3 # 4 

3 , 2 2 , 1 _ 8 2 
— 12 " 12 ‘ 12 1 12 12’ r 3' 

But, as we have said before, the probability of drawing a black 
counter is § only if the bag contains two black counters and one 
white counter. Hence, before the black counter was added, the 
bag must have contained one white, one black ! 

It does not take long to see that the adding of the black counter 
is little more than rigmarole designed to confuse the reader. 
For suppose we return to the original situation involving only 
two counters. The possible cases arc 

BB, BW, MB, MV; 


the probabilities of these cases are 

1 1 1 
4’ 4’ 4’ 



and the probabilities of drawing a black counter in the lespcctive 


cases arc 



By the same argument that was used before, the probability of 
drawing a black counter is, in the combined cases, 



But if the probability of drawing a black counter is b, and if there 
are two counters in the bag, one must be white and the other 

black. 

The paradoxical conclusion docs not, therefore, depend upon 
the adding of a third counter. The fallacy lies in the third step— 
that in which the probabilities of drawing a black counter in the 
individual cases are combined to give a single probability. 
Perhaps the easiest way to convince ourselves of this fact is to 
carry through the argument for a bag containing three counters. 

If there arc three counters, each of which can be either black or 
white, the possible cases arc 

BBB, BBW , BWB, WBB , BWW y WBW, WWB, WWW. 
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Since there are eight equally likely cases, one of which must 
represent the true state of things, the probability of each is 

1 1 1 1 1 1 1 1 

8 ’ 8 ’ 8 ’ 8 ’ 8 ’ 8 * 8 ’ 8 ’ 

Specdvciy, 1111163 ^ draWing a WaCk C ° Unter ^ thCSe Ca$eS are ’ 


\ ± ± 2 

5 3 ’ 3 ’ 3 ’ 


i i i o 

3 ’ 3 ’ 3 ’ u * 


If these probabilities are combined as before, the probability of 
drawing a black counter is ^ 






U u lf r h u, P™ bablht y of drawing a black counter is A, the 
number of black counters must be equal to the number of white 

counters—a situation which simply cannot exist in the case of 

three counters The same argument applied to any number of 

counters will always give the same result—Consequently the 
argument is not a valid one. 


At least twice in this chapter remarks were made concerning 
the applicability of the theory of probability to other fields. A 
discussion of the role played by probability in the theoretical 
sciences—notably physics and chemistry—would lead us too far 
astray into technical matters. But a few words about its relation 

to the applied sciences may help to give us some idea of its im- 
portance in everyday activities. 

In economics, for example, statistical methods—and statistics 
and probability are inseparable—have been found to be indispens¬ 
able in the study of insurance, benefit and pension plans, market 
surveys, and demand and price fluctuations. Industry uses 
statistics extensively in such matters as the inspection of items 
manufactured in mass production, and the subsequent improve¬ 
ment of manufacturing processes. And even those engaged in 
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modern warfare are finding probability and statistics helpful in 
their attempts to increase the accuracy and effectiveness of their 
gunnery and bombing. 

Early in the eighteen hundreds Laplace—who was not only a 
mathematician, but also one of France’s greatest astronomers and 
physicists—hailed the theory of probability as “ the most import¬ 
ant object of human knowledge.” This estimate may have seemed 
reckless at the time it was made, but in these days it is beginning 
to seem somewhat more sound. 



CHAPTER NINE 


VICIOUS CIRCLES 

(Paradoxes in Logic) 

A/TATHEMATICS and logic, historically speaking, have 

1 VXbeen entirely distinct studies. Mathematics has been 
connected with science, logic with Greek. But both have 
developed in modern times: logic has become more mathematical 
and mathematics has become more logical. The consequence is 
that it has now become wholly impossible to draw a line between 
the two; in fact, the two are one. . . . The proof of their identity 
is, of course, a matter of detail: starting with premises which 
would be universally admitted to belong to logic, and arriving by 
deduction at results which as obviously belong to mathematics, 
we find that there is no point at which a sharp line can be drawn, 
with logic to the left and mathematics to the right.” 

So wrote Bertrand Russell in 1919. (1 > In spite of the fact that 
many mathematicians still refuse to admit the identity of mathe¬ 
matics and logic, there is, as Russell indicates, ample evidence of 
the fact that a close relationship does exist between the two sub¬ 
jects. Anyone fortunate enough to have studied plane geometry 
under the right kind of teacher is at least mildly aware of this rela¬ 
tionship, although such matters are sadly neglected in most 
elementary courses. Certainly the connection between mathe¬ 
matics and logic is close enough for contradictions in logic to have 
a disquieting effect on mathematics. 

The troublesome issues raised by the paradoxes of logic can for 
the most part be traced to one basic cause. Furthermore the 
paradoxes are, if not amusing, at least thought-provoking in 
themselves. We shall consequently examine them first with 
little regard for their mathematical significance, and shall then 
return to scrutinize them more carefully. 
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The oldest of the logical paradoxes was discussed, in simplified 
form, at the very beginning of this book. It dates back to the 
sixth century b.c. when Epimenidcs, the celebrated poet and 
prophet of Crete, is supposed to have made his famous remark, 
“ All Cretans are liars.” If we arc to find anything paradoxical 
in this remark, we must rewrite it in the form, “ All statements 
made by Cretans are false.” 

Now offhand this does not appear to be a particularly danger¬ 
ous verdict. It resembles the idle exaggerations in which all of 
us indulge—such things as “ All the stars are out tonight, 

“ All the books that have appeared this season arc worthless, 
and “ All the shopkeepers in this town arc thieves.” But “ All 
statements made by Cretans arc false ” is much more than an idle 
exaggeration. Like the fabulous hoop snake, it suddenly turns 
and starts swallowing itself. The trouble begins when we 
consider the fact that Epimenidcs, who makes this statement, is 
himself a Cretan. In that case, all statements made by Epimen¬ 
idcs arc false. In particular, his statement “ All statements made 
by Cretans are false ” is false, so that all statements made by 
Cretans arc not false. 

We arc now probably so bogged down in words that we don t 
know where we arc. That, unfortunately, is one of the difficulties 
we encounter in all these paradoxes. Their significance is 
seldom apparent at first reading—they must be read and re-read 
until they arc clear. It will perhaps be of some help here to put 
the argument in a step-by-step form. Let’s try it. 

(1) All statements made by Cretans are false. 

(2) Statement (1) was made by a Cretan. 

(3) Therefore statement (1) is false. 

(4) Therefore all statements made by Cretans are not false. 

Now statements (1) and (4) obviously cannot both be true, yet 
statement (4) follows logically from statement (1). Conse¬ 
quently statement (1) is self-contradictory. 


There is hardly a person living who has not made use, at some 
time or other, of the well-worn adage, ‘‘ All rules have excep¬ 
tions.” There are probably few people, however, who are aware 
of the fact that it is self-contradictory. 

The statement is, to all intents and purposes, a rule to the eflect 
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that all rules whatever have their exceptions. Now if all rules 

exceptions ” tl0nS ' IT A " "tie* W 

ceptions —must have an exception. And what would an 

ssSta « r, ly k couu ba is " 

exists, then all rules do not have exception.™' ° m “ 

argumem haP! had h'"" °" ce m °" '» lh « »ep-by-step 

(^) AM rules have exceptions. 

(2) Statement (1) is a rule. 

(3) Therefore statement (1) has exceptions. 

(4) Therefore all rules do not have exceptions. 

* * * 

Another paradox which has its foundation-real or legendarv 

^ht?n q the ty fifth nCernS thC S ° PhiSt Pr0ta S° ras > who ^ved and 
taught in the fifth century b.c. It is said that Protagoras made 

an arrangement with one of his pupils whereby the pupil ™ to 

pay for his instruction after he had won his first case. P The young 

man completed his course, hung up the traditional shingle an f 

waited for clients. None appeared. Protagoras grew impatiem 

and dectded to sue his former pupil for the amount owed him. 

For, argued Protagoras, “ either I win this suit, or you win 

it. If I win, you pay me according to the judgment of the court 

you win you pay me according to our agreement. In either 
case I am bound to be paid.” 

. “ Not S °’” ^Piied the young man. “ If I w i n , then by the 

mi/ 1 " ° f thC r C ° Ur i l 1 nCed n0t Pay yOU ’ If you win > th en by 
our agreement I need not pay you. In either case I am bound 

not to have to pay you.” 

Whose argument was right ? Who knows ? 

* * * 

A stranger in town once asked the barber if he had much 
competition None at all,” replied the barber. “ Of all the 
men in the village, I naturally don’t shave any of those who shave 
themsdves, but I do shave all those who don’t shave themselves ” 

the nr r iT a rl aP ? ea u S mnocent enou g h unt il we stop to think of 
the plight of the barber. Does he shave himself or doesn’t he ? 

Z, S s “PP° se he does. Then he is to be classed with those who 
shave themselves. But the barber doesn’t shave those who shave 
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themselves. Therefore he does not shave himself. All right, then, 
let’s suppose he does not shave himself. Then he is to be classed 
with those who don’t shave themselves. But the barber shaves all 
those who don’t shave themselves. Therefore lie does shave him¬ 
self. 

Here is an intolerable situation. For if the poor barber shaves 
himself, then he doesn’t, and if he doesn’t, he does. Even growing 
a beard won’t help him ! 

* * * 

If we care to do so we can express every integer in simple 
English, without the use of numerical symbols. For example, 7 
can be expressed as “ seven,” or as “ the seventh integer,” or as 
“ the third odd prime.” Again, 63 can be expressed as “ sixty- 
three,” or as “ seven times nine.” And 7396 can be expressed as 
“ seven thousand three hundred and ninety-six,” or as " seventy- 
three hundred and ninety-six,” or as ” eighty-six squared.” 

It is at once evident that to express each integer requires the 
use of a certain number of syllables. In general, the larger the 
number, the more syllables required. This generalization is not 
always true, however. For example, the thirty-nine digit number 
on page 27 can be expressed in five syllables as ” the largest 
known prime.” I he important thing to note is that every integer 
requires a certain minimum number ol syllables. 

Now let us divide all integers into two groups, the first to include 
all those which require a minimum of eighteen syllables or less, 
the second to include all those which require a minimum of nine¬ 
teen syllables or more. Consider the second group. Of all the 
members of this group, there certainly is one which is the smallest. 
Just what integer constitutes this smallest member is beside the 
point. It is sufficient to note that “ the least integer not namable 
in fewer than nineteen syllables ” is some specific number. 

But what of the phrase in quotation marks ? It is certainly one 
way of expressing, in English, the smallest member of the second 
group. And this phrase requires only eighteen syllables count 
them. In other words, the least integer not namable in fewer 
than nineteen syllables can be named in eighteen syllables ! 

* * * 

Consider next all the adjectives in the English language. Each 
adjective has a certain meaning. In some adjectives the meaning 
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r ^ t? % :r " amp, H- 

^ g “Z?. Enslish 7 rd ' *• 

word. Single is a single word, but “ hyphenated ” is not a 

“ Pol y s y 1Iabic ” is a polysyllabic word, but 
monosyllabic is not a monosyllabic word. And so on. 

Since the meaning of an adjective must either apply to itself or 

not apply to itself, we can divide all adjectives into^wo g r oups 

itself^ we shall I lf the waning of a given adjective applies to 

itself, we shall classify it as autological.” And ifits meaning does 

not app y to itself, we shall classify it as “ heterological ” 

cenZlv 4 US C ,° nsider the word “ heterological.” This word is 
certainly an adjective, and so it must be either autological or 

heterological. But if “ heterological » is heterological, then this 

very statement-" & heterologicaL^ens £ 

heterological applies to itself. And if it does apply to itself, 
en it must be autological, according to our definition of the 
word autological. On the other hand, if “ heterological ” is 
autological, then this very statement heterological” is auto- 

heterol ““f!^ hat hete ™logical,” being autological and not 

ksclf tl > ’ ° CS r‘ aPPly t0 itSdf - And if il doeS not a PP ] y to 

Z w^’ ^‘^l^iS” ° l0giCa1 ’ aCC ° rding t0 ° Ur 

The situation that confronts us is appalling. A given adjective 

bTh a 7 ^ Tu" aUt ° l0gical ° r heterological—it cannot be 

if tZJ ° lo & CaX ™ d heterological. Yet we have just shown that 

Iomcar h C i C , hCt T° ]0g,Cal ” iS hcterol °gical, it is not hetero- 

but hirlgST ; “ d m " » »»' ““logical. 


But enough, for the moment, of examples. It is time that we 
stopped to think about the nature of the difficulties involved in 
them, and to see in what way they affect mathematics. 

Note first that there is one characteristic common to all these 
paradoxes. They are concerned with statements about “ all ” the 
members of certain classes of things, and either the statements or the 
things to which the statements refer are themselves members of those 
c asses. This common characteristic is not as obvious in some 
instances as m others. For this reason it will be well to review 



188 


VICIOUS CIRCLES 


our examples briefly with an eye to recognizing the characteristic 
in cacli of them. 

“ All statements made by Cretans are false.” Since this is a 
statement made by a Cretan, it is itself a member of the class of 
all statements made by Cretans. Here the characteristic is 
obvious, as it is in the case of “ All rules have exceptions.” 

The problem of Protagoras and his pupil is concerned with the 
class of all cases to be argued in court by the pupil. Included in 
this class is the case built round the class itself. 

The quandary of the village barber is concerned with the class 
of all men in the village who cither shave themselves or do not 
shave themselves. Since the barber either shaves himself or docs 
not shave himself, he is evidently a member of this class. 

The “ least integer ” problem involves the class of all English 
expressions denoting integers. The phrase “ the least integer 
not namable in fewer than nineteen syllables ” is an English 
expression denoting an integer, and so is a member of the class in 
quest ion. 

Finally, in the last paradox discussed, the class of all adjectives, 
autological or licterological, obviously includes the adjective 
hctcrological.” 

The vicious circle which arises when a statement is made about 
“ all ” the members of a certain class, and when the statement 
or the thing to which the statement refers is itself a member of 
that class, is difficult to avoid. Bertrand Russell, as early as 1906, 
tried to get round the difficulty by means of what he called the 
theory of logical types.” (2) He held that logical entities 

statements, rules, things, and the like—arc not all of one type, but 
fall into a hierarchy of types which arc radically diflerent, how¬ 
ever similar they may appear to be. Moreover, whatever involves 
“ all ” of a certain class of things is not of the same type as the 
things themselves. Take the case of “ All statements made by 
Cretans are false.” The “ statements ” referred to arc state¬ 
ments about things. The statement itself is not a statement 
about things, but a statement about statements about things. It is 
therefore a statement of a diflerent type, and so cannot be made 
to refer to itself. Hence it can lead to no contradiction. Simi¬ 
larly, in the rule, “ All rules have exceptions,” the “ rules * 
referred to are rules about things, whereas the rule itself is not a 
rule about things, but a rule about rules about things. 


paradoxes in logic 

and S „ft Cribet r “T apP ' a " *° »' * “> f « 

oaradove, , V ' bolVeVer > «■' difficulties involved i„ thc 

effigy offih'e? P T »» XS rtZ 

question one which many^of us imve^een^ffiffiigpatiemly* to 

- r wj:t „ 

more paradoxes. They are different from those we have dfs 

cussed in that they bear directly on mathematics, yet they are die 

essentiallythe s C h ° ntradiCti ° nS ^ X i 

essentially the same basic source. 


m.^Ih firSt °l° Ur threC P aradoxes has to do with transfinite 

ReSl tha^ SU JCCt WC d f USSed in the last section of Chapter 7. 
Recall that we examined two transfinite numbers in detail- A 

the number of natural numbers, and C, the number of'real 

numbers. Recall further our remarking that Cantor proved 

conclusively that just as there is no greatest natural number so 

there is no greatest transfinite number. His proof hin?es 

onT^e 153 n Th pr ° pmicS of tra ^finite numbers noLd 

on page 153. That is to say, the number 2, raised to any trans- 

mite power, always generates a new—and larger—transfinite 
number. Thus 2-h = C, 2* = a still larger transfinite, and so om 
But now consider the class of all classes. And we mean ALL 
classes—all books, all chairs, all plants, all animals, all numbers 
(finite or transfinite, real or imaginary, rational or irrational), all 
things which ever existed in this or any other universe, all ideas 
you or anyone else, living or dead, may ever have had—every¬ 
thing conceivable goes into this class. Now surely no class can ever 
have more members than this, the class of all classes. But if such 
!S the case, then the transfinite number of this class is unquestion- 
a ly the greatest transfinite number. Yet, as we have said, 

Cantor proved that there is no such thing as a greatest transfinite 
number ! 

• Th « pa f adoX , W f S brou & ht to light by the Italian mathemati- 
cian, ura l-Forti, in 1897. As originally conceived and stated, (4) 

it involves a number of technical terms and ideas which for Jack 
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of space in Chapter 7 we neglected to develop. The non¬ 
technical description given above is consequently by no means as 
accurate as it should be. The whole thing may seem to us to be a 
case of rather fine hair-splitting, but its importance to mathe¬ 
matics is indicated by the fact that when it first appeared it nearly 

brought about the collapse of the entire Cantorian theory. 

* * * 

The difficulties involved in our second paradox are similar to 
those we encountered in the autological-heterological con¬ 
troversy. 

Note first that classes arc either members of themselves or not. 
For example, the class of all entities is itself an entity, while the 
class of all men is not a man. The class of all ideas is itself an 
idea, while the class of all stars is not a star. The class of all 
classes—the class we worked with in the last paradox—is itself a 
class, while the class of all books is not a book. And so on. 

Since any given class must be cither a member of itself or not a 
member of itself, we can divide all classes into two groups 
accordingly. We shall denote by S the class of all self-mcmbercd 
c | asscs —that is, classes which arc members of themselves. And 
we shall denote by A the class of all non-sclf-membcrcd classes— 
that is, classes which are not members of themselves. 

Now let us fix our attention on A. Since A is a class, it must 
be cither self-mcmbercd or not. That is to say, A must be a 
member either of S, the class of all self-mcmbercd classes, or a 
member of A, the class of non-sclf-membcrcd classes. If A is a 
member of TV, then this very statement—A is a member of A— 
asserts that A is a member of itself. And if A is a member of 
itself, it must be a member of S> the class of all sclf-membcrcd 
classes. On the other hand, if A is a member of S, then this very 
statement—A is a member of S —asserts that A, being a member of 
S, is not a member of itself, or A. And if A is not a member of 
itself, it must be a member of A, the class of all non-sc If-me in¬ 
hered classes. 

Now obviously a given class must be either self-mcmbercd or 
non-sclf-membcrcd—it cannot be both. In other words, a given 
class must be a member of cither S or A—it cannot be a member 
of both S and A. Yet we have just shown that if the class A is a 
member of A, it is not a member of A, but of S; and if A is a 
member of S f it is not a member of S, but of A ! 
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Th e same argument is usually presented by mathematicians 

appeaUo'dT “ f m ° K Com P act form - This form may 

appea 1 to those of us who were confused by the wordiness of the 

argument as presented above. Let’s try it. 

Denote any class by X, and, as before, the class of all non-self- 

is true. 

A w a o/jV z/ and only if X is not a member of X. That is to 

if Inf 18 ^ TK mber ° f thC daSS ° f aH non ' se ^‘ me mbered classes 
H a " °"! y 1 \, n ° t a member of itself. Since X represents any 

class, and since JV is a class, we may substitute JV for X The 
statement then reads 


Nua member of JV if and only if JV is not a member of N. 

Here again is what may seem to us to be a hair-splitting pro¬ 
position as far as mathematics is concerned. Its significance 

oTTkV 8 madC a PP arent b y the Allowing historical note.’ 
Oottlob Frege, a German mathematician, had spent years in an 

attempt to put mathematics on a sound logical basis. His chief 
work was a two-volume treatise on the foundations of arithmetic, 
a treatise in which he used freely the notion of a class of all classes 
that have a given property. Some indication of the time he 
spent on this work is to be had from the fact that the first volume 
was published in 1893, the second in 1903. As the second 
volume was about to appear, Bertrand Russell sent Frege the 
paradox we have just discussed. Frege acknowledged the com¬ 
munication as follows at the end of his second volume. 

A scientist can hardly meet with anything more undesirable 
t an to have the foundation give way just as the work is finished. 

In this position I was put by a letter from Mr. Bertrand Russell 
as the work was nearly through the press.” 

Incidentally, Frege’s use of the word “ undesirable ” makes his 
remark one of the great understatements of all time ! 



The third of the three paradoxes we set out to discuss is the so- 

called Richard paradox, <6 > named after its originator, J. Richard 
a French mathematician. 

Before getting into the main argument, let us consider a simple 

analogy. Suppose that our English vocabulary consisted of only 

three words—say “ see,” “ the,” and “ cat.” Now it stands to 

reason that with such limitations we could never discuss any idea 
r.m.—7* 
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which requires more than three words. We could not, for 
example, develop any of the ideas we now have under considera¬ 
tion. This conclusion may appear to be childishly simple, but it 
will clarify the argument to follow. 

Any system of symbolic logic, or mathematics, consists of a 
collection of formulas. Here we arc using the word “ formula ” 
not in the restricted mathematical sense, but in the broadest 
sense. That is to say, a formula is any symbol (including letters 
of the alphabet, numbers, punctuation marks, and the like), or 
any word, or definition, or statement, or theorem—anything by 
which we express ideas. Now it is not difficult to show, using the 
notion of one-to-one correspondences which we developed in 
connection with transfinite numbers, that it is possible to set up 
a one-to-one correspondence between the class of all formulas of 
any given system and the class of all natural numbers. In other 
words, the class of all formulas has the transfinite number A v 

The Richard paradox then consists in what amounts to the 
following problem: How can any system of symbolic logic, in 
which the class of all formulas has the transfinite number A v 
be adequate for the discussion and development of any branch of 
mathematics that deals with classes whose transfinite numbers 
arc greater than A x ? In particular, how can we even talk about 
the class of real numbers, whose transfinite number, C, has been 
proved to be greater than A l ? 

* * * 

It must be emphasized again that the paradoxes of logic arc not 
foolish problems with which the philosophically-minded while 
away their time. It is true that they may have existed as such for 
hundreds of years. But when, at the beginning of the present 
century, Burali-Forti, Russell, and Richard dressed them up and 
paraded them in mathematical costumes, they started a revolu¬ 
tion which is still very much in progress. It is almost impossible 
to discuss—briefly and in non-technical terms—what is going on 
in this revolution. But enough can be said to give us at least 
some idea of present trends. (6) 

Those who are engaged in laying the new foundations of 
mathematics can be roughly divided into the following three 
groups: (1) the logistic group, led by the Englishman, Bertrand 
Russell; (2) the axiomatic group, led by the German, David 
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Brouwer. (3) ^ intuki ° nist S rou P> led b V lhe Dutchman, L. E. J. 

t. T he k r r S T mme ° f the logistic grou P is to re duce mathematics 

to symbolic logic. This fact might have been inferred from the 

P ssage quoted at the beginning of the present chapter. As we 

have already seen Russell proposed the theory of types as a means 

of getting round the logical contradictions. The shortcomings of 

his particular technique have been recognized, and repeated 

attempts have been made to modify it accordingly. It is still not 
entirely satisfactory. 

The programme of the axiomatic group is to base all mathe¬ 
matics on a fundamental system of axioms, or assumptions, 
buch systems have been found for important parts of mathe¬ 
matics, and it remains only to prove that the systems are con¬ 
sistent-—that no contradictions can arise in results deduced from 
them. In the case of many of these systems it has been shown 
that any contradiction arising from the system would imply a 
contradiction in arithmetic. Thus the chief problem of the 
axiomatic group is that of proving that the axioms of arithmetic 
are consistent. No satisfactory proof of this has yet been found. 

rinally, the intuitionist group maintains that no mathematical 
concept is admissible unless it can be constructed. That is to 
say, not only must the concept exist in name, but an actual 
construction must be exhibited for the thing which the concept 
represents. Now if the construction is to be an actual one, then 
it must consist of a finite number of steps—or, as the Richard 
paradox indicates, of certainly no more than A x steps. And in 
that case we have no right to talk about such a thing as the class 
ot all real numbers, whose transfinite number is greater than A,. 
This attitude is hardly satisfactory, for it means that many of the 

most powerful and useful methods of mathematics must be thrown 
overboard. 


Which of these three groups has the “best” policy? The 
answer is a matter of opinion. As in politics, each individual 
interested in the controversial issues must ally himself with that 
party whose platform seems to him the most reasonable. How¬ 
ever dissimilar their paths may be, all three groups are working 
toward the same end—to establish all mathematics on an un- 
assailably sound basis. No one can predict whether or not this 
ideal will ever be attained. But already the controversies of the 
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last few decades have brought forth entirely new fields of research, 
as well as new and effective methods in old fields. So as far as 
mathematics as a whole is concerned, the setbacks occasioned by 
the paradoxes of logic have been more than balanced by the 
advances resulting from their subsequent investigation. 



CHAPTER TEN 


NOT FOR THE NOVICE 

(Paradoxes in Higher Mathematics) 


T^HE mathematics involved in the previous chapters has for 
the most part been of the type ordinarily covered in second¬ 
ary-school. courses. Whenever such was not the case—as, for 
example, in the last three chapters—an attempt was made to 
develop as much of the mathematical background as was necessary 
for an understanding of the problem at hand. 

This last chapter is designed for those whose work in mathe¬ 
matics has extended beyond the elementary level. It consists of 
some twenty paradoxes concerned chiefly with the subjects of 
trigonometry, analytical geometry, and calculus. A knowledge 
of these subjects will be assumed, and no attempt will be made to 
develop any of the necessary concepts or techniques. Further¬ 
more, the solutions of the various problems will not be discussed 
in the main body of the text. The reader will thus be given a 
chance to diagnose the difficulties himself—a procedure he should 
follow if he wishes to derive the maximum amount of pleasure and 
profit from the chapter. Since, however, such a procedure might 
conceivably lead to insomnia, nervousness, and general irritability, 
a complete discussion of each problem is offered in the Appendix. 

* * * 

Geometry and Trigonometry 

Paradox 1 . To prove that two non-parallel lines will 

NEVER MEET. (1) 

Let a and b of Figure 102 be two non-parallel lines. Draw a 
third line AB so that it makes equal angles with a and b. It is 
evident at once that since angles 1 and 2 are obtuse, a and b can 
have no point in common to the left of the transversal AB. We 
need therefore consider only what happens to the right of AB. 
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Fig. 102 


Mark off AC = BD = AB\ 2. Points C and D cannot coincide 
as in Figure 103(a)—for if they did, the sum of two sides of the 
resulting triangle would be equal to the third side. Even less 



Fig. 103 

can the segments AC and BD have any other point in common 
say the point S of Figure 103(b). For then the sum of two sides 
of the triangle ABS would be less than the third side. 

Now draw CD and mark off CE = DF = CD) 2. Reasoning 
exactly as before, we can show that the segments CE and CFhave 
no point in common. We can therefore draw EF, mark off 
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EG = FH = EF/2, and show that the segments EG and FH have 

no point in common. And so on. Since this same argument 

can be repeated indefinitely, we must conclude that the lines a 
and b will never meet. 

Paradox 2. To prove that every triangle is isosceles. 



C 


Fig. 104 


In Figure 104 let ABC be any triangle, and let a , b , and c be 
the sides opposite the angles A , B, and C respectively. Extend 
BC a distance b to P, and AC a distance a to Q. Draw AP and 

BQ- 

In triangle APC, AC = CP, so /-CAP =/.CPA. Further¬ 
more AC of triangle ABC is an exterior angle of triangle APC. 
It follows that A CAP = ACPA = \ AC. Similarly, ACdB 

^-CBd= J AC. Now apply the law of sines to triangles 
ABP and ABQ In the first of these, 


BP _ a + b 
AB c 


and in the second, 



AQ_ a + b 
AB c 



( 1 ) 


(2) 


% 
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Therefore 

sin 

(A + J) sin (B + ?) 




\ 2/ \ 1) 

( 3 ) 



. C . C 

sin - sin - 


or 





sin 1 

(.1 + ^ = sin (B + J), 

( 4 ) 

whence 


A + 2 = B + 2 ’ 

(5) 

a nd 


A = B. 

(6) 

It follows that a 

- b , 

and that the triangle is isosceles by defini- 


tion. 

Paradox 3. To prove (2) that 1 = 2. 
We have, successively, for all values of x, 


cos 2 x = 1 —sin 2 x, (1) 

(cos 2 x) 3 = (1 — sin 2 x)-, (2) 

cos 3 x = (1 — sin 2 x) 3 , (3) 

cos 3 x -f- 3 = (1 — sin 2 x)- -f 3, (4) 

(cos 3 x T 3) 2 = [(1 — sin 2 x)- -f 3] 2 . (5) 

Let x have the value tt/ 2. Then cos x = 0, sin x = 1, and 
(5) reduces to 

9 = 9, 

a true result. 


But now let x have the value tt. Then cos x = — 1, sin x = 0, 
and (5) reduces to 

2 2 = 4 2 . 

That is to say, 2 = 4, or 1 = 2. 

Paradox 4. To prove (s) that sin x = 0 for all values 


of x. 
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As is well known, the power-series expression for sin * contains 

only odd powers of *. In other words, sin * can be written in the 
lorm 

sin x = a x x + a 2 x s + a^x 5 + a^x 7 + . . . ( 1 ) 

The coefficients a l9 a 2 , <%, a 4 , . . . can be determined in the 
following way. We know that 


whence 


sin 2 x = 1 — cos 2 
sin x = (1 — cos 2 x)K 


( 2 ) 

Since cos 2 x < 1 for all values of x, the right-hand side of (2) 
can be expanded by the binomial theorem. This gives 


sin x 


1 ~ l cos2 x — i cos 4 * — * cos 6 * 


(3) 


But now think of the power-series expression for cos a:. It 
contains only even powers of *. Consequently the right-hand 
side of (3) contains only even powers of at. In other words, the 
coefficients of the odd powers of at in (3) are all zero. It follows 
that all the coefficients a ly a 2) a 3 , a A , ... of (1) must vanish. 
That is to say, sin a: = 0 for all values of a:. 


Paradox 5. In solid geometry the traditional approach to 
the measurement of a right circular cylinder is through regular 
prisms. The lateral surface of such a cylinder, for example, is 
defined as the limit of the lateral surface of a regular inscribed 
prism as the number of lateral faces is indefinitely increased. Now 
it might be supposed that inscribed polyhedra other than regular 
prisms could be used equally well for the same purpose, provided, 
of course, that the number of faces be indefinitely increased and 
that the area of each face be made indefinitely small. Let us see 
whether or not this supposition is true in the following instance. (4) 

Consider a right circular cylinder whose radius is r and whose 
altitude is h. By means of planes parallel to the bases, divide the 
cylinder into 2 n equal slices, each of altitude hj2n. One of these 
slices is shown in Figure 105. Divide the circumference of the 
lower base of this slice into 2m equal parts by the points A , B , C, 
D, E, . . . Divide the circumference of the upper base into 2m 
equal parts by the points A', B\ C', D', E', . . ., subject to the 
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Fig. 105 

condition that A' lie on the same generator of the cylinder as 
A, IV on the same generator as B, C' on the same generator as C, 
and so on. Finally, construct the polyhedron whose faces are 
the isosceles triangles AB'C , CB'D\ D'CE , ... Do the same for 
each of the 2n slices. 

Now denote the area of each triangular face by and the sum 
of the areas of all the triangular faces of the entire polyhedron by 
S. Since to each slice there correspond 2m triangles, and since 
there are 2n slices, it follows that 

S = 4 mns. ( 1 ) 

To express .S’ in terms of m, n y r , and /z, proceed as follows. 
Let P be the centre of the lower base, and let Q be the point of 
intersection of PB and AC. Then 

j = AQ. B'Q. 

If we denote the angle APQby a, 

AQ = r sin a, 

and 

B'Q= V (BBV+jBQ)* 

= \/+t*( 1 - cos a) 2 

= V& + 4r2 «" 4 \ 


( 2 ) 

(3) 


(4) 
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Substituting (2), (3), and (4) in (1), 



Amur sin 
2 mr sin a 


a V + 4r2 sin4 \ 

A 2 + 16r 2 « 2 sin 4 

2 


Finally, noting that 2/?za = 27 t, or that m = tz/(x, 
written in the form 



(5) can be 


S = lizr / y/A 2 + 16r 2 /2 2 sin 4 (6) 

/mi 

We are now in a position to consider the limit of S as m and n 
tend to infinity. 

(a) Let n = km = Attt/oc, where £ is any fixed constant. Then 
certainly /rc and /z tend to infinity as a tends to zero. Moreover 
the second quantity under the radical sign of equation (6) 
assumes a form which can be easily handled. That is to say, 


16r 2 /z 2 sin 4 ? = 


r 2 k 2 n 2 a 2 




Now the ratio of sin * to x tends to unity as x tends to zero. 
Hence the right-hand side of (7), because of the factor a 2 , tends 
to zero as a tends to zero. Substituting (7) in (6) and passing to 
the limit, we have 


lim S = 2nrh. 

a —>0 

(b) But now suppose we let n = km 2 = hz 2 /*. 2 . Then 


16r 2 /z 2 sin 4 ? = 


r 2 k 2 7T 4 



Substituting (8) in (6) and passing to the limit, 

lim S = 2nr y/ h 2 + r 2 khz 4 . 

a —>0 

(c) Finally, if we let n = km 3 = kn 3 /x 3 , we have 


1 6r 2 n 2 sin 4 5 = 


r 2 * 2 ™ 2 ^ 4 
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and the quantity on the right, because of the factor m~, tends to 
infinity as a tends to zero. If. then, we substitute (9) in (6) and 
pass to the limit, 


lim S — co. 


a—o 


The radically different 
(c) are surprising, for in 


results obtained in cases (a), (b), and 
all three cases m and n were made to 


tend to infinity together. It is true that in (a) we took n as a 
multiple of m, in (b) as a multiple of w 2 , and in (c) as a multiple 
of m 3 , but it seems incredible that these slight differences can 
lead to such tremendous differences in the results. There is, of 
course, no fallacy in the argument here—nothing is violated 
except intuition. But the example shows emphatically that we 
cannot, without careful attention to details, define a curved 


surface as the limit of the surface of an inscribed polyhedron 
with increasingly many faces. 


* * * 


Analytical Geometry 
Paradox 1. To prove <5) that t. — *. 



(a) (b) 


Fig. 106 


The following two theorems arc well known in the theory of 
conic sections. 

I. The area of the scmicllipse in diagram (a) of Figure 106 is 
Trfl^/2, where 2 a and 2b are the major and minor axes, respec¬ 
tively, of the ellipse. 

II. The area of the parabolic segment in diagram (b) of Figure 
106—a segment cut off by a chord perpendicular to the axis of 
the parabola—is § that of the circumscribed rectangle. 
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If now the major axis of the ellipse is allowed to increase 

without limit, the ellipse degenerates to a parabola, and the semi- 

ellipse becomes a parabolic segment. But theorems I and II 

above are true regardless of the dimensions of the curves There¬ 
fore 

■nab 2 , 

2 3 • 2b ) 

_ 4ab 
~ ~3~* 

Hence 

7T 4 -8 

^ = 7^, or 7T = —. 


Paradox 2. To prove that a diameter cuts a circle in 

ONLY ONE POINT. (6> 


The equations 



1 — t 2 

1 + i 2’ 

2t 

1 + t 2 


(1) 

( 2 ) 


are the parametric equations of a unit circle whose centre is at 

the origin. This statement is easily verified by noting that 

equations (1) and (2), if squared and added, reduce immediately 
to the equation x 2 -j- y 2 = 1. 

Consider the intersection of the *-axis and the circle. That is 
to say, substitute y = 0 in (2). Equation (2) then reduces to 
1 = 0, which, substituted in (1), gives x = 1. Therefore the 
*-axis cuts the circle only at the point (1, 0). 

Now by a proper choice of units and axes, any given circle can 
be made a unit circle, and any diameter of the given circle can be 
made to coincide with the *-axis. Hence any diameter of any 
circle cuts the circle in only one point. 


Paradox 3. Consider the following problem. (7) A point P 
in three-dimensional Euclidean space is to be made collinear 
with two given points A and B. How many algebraic conditions 
must be imposed on the co-ordinates of P? 

(a) Let Q and R be two arbitrary points subject only to the 



204 


NOT FOR THE NOVICE 


condition that A, B, Q, and R be not coplanar. Then if P is to 
be collinear with A and B , it is necessary and sufficient that P be 
coplanar with A, B, and Q, and also with A , B, and R. There¬ 
fore two conditions are imposed on the co-ordinates of P. 

(b) Of the three distances AB, BP, and AP, it is necessary and 
sufficient that BP -f- AP = AB or AP + AB = BP or AB -f BP 
= AP —i.e. that 

(- AB f- BP 4- AP) (AB - BP f- AP) (AB + BP - AP) = 0. (1) 

The left-hand side of this equation can be rationalized by 
multiplying both sides by the non-vanishing factor — (AB -f 
BP AP). If the resulting four factors on the left are multi¬ 
plied together, equation (1) assumes the form 

{AB)* + (BP)* 4- (AP)* - 2 (BP) 2 (AP) 2 

- 2 (AP) 2 (AB) 2 - 2 (AB) 2 (BP) 2 = 0. (2) 


The left-hand side of this equation is an unfactorizable rational 
expression in the co-ordinates of P. Hence only one condition is 
imposed. 

Which of these two solutions is correct? 


* 


D1 FI- F RENTIAL CALCULUS 

Paradox 1. To prove that any two numbers are equal 

TO EACH OTHER. 1 ®* 

Let us start with the relation 

x — a — b. (1) 

If we multiply both sides of (1) by a*, 

a - 2 = ax — bx (2) 

And if we square both sides of (1), 

a - 2 = ar — 2 ab j- b 2 . (3) 

From (2) and (3), 

ax — bx = a 2 — 2 ab 4- b 2 . 


That is, 


ox — a 2 4- ab = bx — ab -f- b 2 , 


or 
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a (x — a + b)= b(x — a + b). ( 4 ) 

If we divide both sides of (4) by the factor {x - a + b), we 

obtain a - b. But such an argument is obviously fallacious, for, 

since x = a-b, we are dividing both sides by zero. Very well 
then, let us write 

a t x —- a -+ b A = b (x —a + b) 

( x ~ a + b) (* — a + b)' ^ 

Inm-A/nm haS T the ValUC a ~ b ’ ec l uation (5) reduces to 
f-; A//T 6(0/0) ‘ In ° rder t0 evaluate the indeterminate quan¬ 
tity 0/0, we resort to a device frequently used for this purpose, 
-that is to say, we make use of the fact that 

= lim'd*). 

*-« g(x) z-+ag'(x) 

If, then, we differentiate the numerators and denominators of the 
tractions in (5), we obtain 

a (i) = *(i)’ or a = b ■ 


Paradox 2 . To prove that all proper fractions have 

THE SAME VALUE. (9) 

Let m and n be any two integers such that n is less than m. 
Ihen by ordinary long division, 

1 — x n 

1 = 1 ~ X n + X m — x n + m + x 2m — . (1) 


Now let * have the value 1. The left-hand side of (1) assumes 

the indeterminate form 0/0. We can get round this difficulty by 

differentiating numerator and denominator before passing to the 
limit. We then have 


lim 

T ->1 




— nx" ~ 1 

n 

— mx m ~ 1 ~ 

m 


But the limit, as x approaches 1, of the right-hand side of (1) is 

^ 1 .1 T 1 1 + . . . Therefore n/m , being equal 

to an expression which is independent of m and n, must always 
have the same value. 
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Paradox 3. Consider the triangle ABC of Figure 107. Sup¬ 
pose that AB is 12 inches long, and that the altitude CD is 3 inches 
long. Let us propose to find that point P on CD for which the 
sum of the distances of P from the three vertices is a minimum. <l0> 

If we denote by S the sum of the distances of P from A, B , and 
C\ and by a the length of DP , then the problem is that of finding 
the value of at that makes S a minimum. Now, 



AP -i- PB. 


But CP = 3 



x, and AP = PB = V x 2 + 36. 
•V — 3 a | 2y/ x 2 -b 36, 

(IS 2a 

d * a/ a 2 -4- 36 


Therefore 


Making dSjdx zero gives v — 2 \/ 3 — 3-464, and for this value 
o! a, P lies outside the triangle on DC produced. Hence there is 


C 



Fig. 107 


no point on CD for which S is a minimum, et the problem 
appears to be straightforward enough. What is wrong ? 

Paradox 4. To prove that every ellipse is a circle. ( l,) 

Denote by a and c, respectively, the semi-major-axis and the 
eccentricity of the ellipse shown in Figure 108. It is well known 
that the length of the radius vector, drawn from the focus F to 
any point P of the ellipse, is given by the expression 

r = a T ex. 

Now drjdx — c, and since there arc no values of a for which 
dr/dx vanishes, r has no maximum or minimum. But the only 
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closed curve in which the radius vector has no maximum or 
minimum is the circle. Therefore every ellipse is a circle. 

* * * 


Integral Calculus 

Paradox 1 . To prove (l2) that sin * = 0 for all values 
of x. 

We know that sin 0 = 0, and also that sin 2nn = 0 for all 
integral values of n. Hence the area bounded by the curve 
y = sin x and the *-axis, between x = 0 and x = 2mz , is given by 
the definite integral of sin x from 0 to 2mz. That is to say, 



f*2ri7r 

-| Inn 

A = 

= sin * dx = 

Jo 

— COS * 1 

- J 0 


= — (cos 2nn — cos 0) = — 1 + 1=0. 

But if there is no area between y = sin * and the *-axis, the curve 

must coincide with the axis. Hence sin * = 0 for all values of*. 

% • * 

Paradox 2. To prove that — 1 = + 1. 

We have 

Cdx C — dx 


( 1 ) 
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Performing the indicated integration on both sides of (1), 

log x = log (- x), 




Paradox 3. To prove (,3) that tan x = ±i for all values 
of x. 

Consider the integral 

/ = j sin x cos x dx. 

If we think of cos * dx as d (sin x), then 

/ = f sin x d (sin x) = § sin 2 x. (1) 

If, on the other hand, we think of sin x dx as — d (cos x), then 

/ = — J cos x d (cos x) = — b cos 2 x. (2) 

From (1) and (2), 

sin 2 x = — cos 2 x. (3) 

Dividing both sides of (3) by cos 2 x, we get 

tan 2 x = — 1. 

Therefore 

tan x = d= V — 1 = ±i. 

Paradox 4. To prove that an infinite area may generate 

A SOLID OF REVOLUTION WHOSE VOLUME IS FINITE. 

The shaded area of Figure 109 is the area under the curve 
y — 1/* from x = 1 to x = k. This area, a function of k, is 
evaluated as follows. 

log xj = log k square units. 
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Fig. 109 


If the area is revolved about the axis, it generates a solid whose 
volume is 


V(k) 


dx 


],* 




t I cubic units. 


Let k tend to infinity. Then 


lim A{K) — lim (log k) 

go k —>'*> 


CO, 


whereas 


Um V(k) -j™ [” (l - 1)1 


7r cubic units 


Complex Numbers 
Paradox 1. To prove <14) that n = 0. 
For all values of 0, 


and 

Therefore 


cos 0 = cos (2n -f- 0), 
sin 0 = sin (2n -f 0). 



cos 0 + i sin 0 = cos {2tz + 0) + * sin (2n + 0), 
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and 

(cos 0 4 / sin 0)‘ = [cos (2- -f 0) -f / sin (2- -f 6)]*. (1) 

Recall from De Moivre’s theorem that (cos a- 4 i sin x) n = 
cos nx -f- i sin nx. Hence (1) can be written in the form 

cos i'0 r i sin id = cos /(2 tt -f 0) + / sin i( 2tt 4 6). (2) 

Now apply Euler’s formula, cos at -f / sin * = to both sides 
of (2). We obtain 

e~* = 

Dividing both sides of this expression by e~- n -\ 

e 2n = 1. 

But e* has the value 1 only when x is zero. Hence 2- = 0, and 

~ = 0 . 

Paradox 2. To prove (,5) that —1 = 4-1. 

Let at satisfy the equation c* = — 1. Square both sides. Then 
e 2 ' = 1. Now, as was noted only a few lines above, e 2 ' is 1 only 
when 2a* is zero. Hence 2at = 0, and x = 0. Substitute this 
value of a: in the original equation. Then e° = — 1. But any 
number raised to the 0th power is 1. In particular, c° = 4 1 • 
Consequently — 1 = | 1. 

Paradox 3. To prove that — 1 = f 1. 

Consider the equation (— 1) 2 = 4 1. Take the logarithm 
of both sides. Then log (— 1) 2 = log (1) = 0. But log (— l) 2 
= 2 log (— 1). Therefore 2 log (— 1) = 0, and log (— 1) =0. 
Consequently log (— 1) = log (1), or — 1 = 4 1. 

Paradox 4. Consider the following two linear homogeneous 
complex equations: 

(a 4 bi) (p 4 qi) 4 (c 4 di) (r 4 si) = 0, 

(a' + b'i) (p + qi) + (c' + d’i) (r + si) = 0. ^ 

How many conditions must be fulfilled if the equations (1) arc 
to be compatible? (ie) 
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paradoxes in higher mathematics 


(a) It is necessary and sufficient that 
coefficients vanish—that is, that 


the determinant of the 


(a -f bi) (c + di) 

(a' + b'i) ( c ' + d'i) °* 

This complex equation is equivalent to the two real equations, 

ac' — a'c = bd' — b'd 

ad' + be' = a'd + b'c. ^ 

(b) The equations (1) arc equivalent to the system 


afi — bq + cr — ds = 0 

bp + aq -f dr + cs = 0 

a 'P — b'q -f c 'r — d's = 0 
b'P + a'q + d'r + c's = 0. 



But in order that the equations (3) be compatible, it is necessary 
and sufficient that 7 




This determinant yields, of course, a single real equation. 

Which of these two solutions is correct, the one that results in 
two equations, or the one that results in a single equation ? 



APPENDIX 


Chapter 2 
Pages 12-13 

Paradox 1. It is incorrect to assume that “ the tail wind on the 
way south will speed up the plane to the same extent that the head 
wind will retard it on the way north.” Here we are again trying to 
get an average rate by averaging two rates maintained over equal 
distances. I o analyse the problem, call the speed of the wind 50 miles 
per hour. 1 hen the speed of the plane from London to Liverpool is 
100 -f- 50, or 150 miles per hour; from Liverpool to London, 100 — 50, 
or 50 miles per hour. Hence the times for the trips down and back 
arc [",\;, or .}, and or 4, hours respectively. It follows that the 
total time for the round tr ip is 5J hours, and that the average speed of 
the plane, in miles per hour, is 


total distance 
total time 


400 

F> 


400 400 x 3 


1(3 

"3 


1(3 


= 75. 


Paradox 2. The apple women made the error of calculating their 
average price rate by averaging their individual rates of 2 apples a 
penny and 3 apples a penny over the same number of apples. To 
guarantee the same receipts as those of the first day, they should have 
determined their price by dividing the total number of apples by the 
total number of pence—that is, apples a penny. They actu¬ 

ally sold tlie apples at the rate of 2\ apples a penny. There’s where 
the missing penny went. 

Paradox 3. The actual strokes occupy no appreciable length of 
time—the 5 seconds are accounted for by the 5 intervals between the 
(3 strokes. Between 12 strokes there are 11 intervals. Hence the 
correct answer is about 11 seconds. 

Paradox 4. If the cost of the bottle were Lr., and that of the cork 
1 d. y then the bottle would cost only 11 d. more than the cork. Second 
thought readily supplies the correct answer: H. %d. 

Paradox 5. At least, the answer is not 30 hours unless the frog is 
so stupid that he doesn’t know when he is well out of a well. At the 
end of 27 hours he is 3 feet from the top. During the 28th hour he 
climbs the remaining 3 feet, and he’s out. 
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neglected^then dow 7 ** * the le " gths of the arc 

London then they leS" ^ ^ “* thc ^om 


Chapter 3 
Pages 27-28 

It was pointed out in Chapter 1 that in mathematics we are not 
concerned with the “ truth ” of our definitions or assumptions but 

rate^o the e Oth° nS1StenC> ^ 7^ faCt that any number b >' h " th^n 0) 

raised to the 0th power is defined as 1 is a case in point. It is easy to 

^ on But^h t P r ° d ^ Ct ° f tWO *’ s ’ 03 as ^e product of three Ts, and 

izethe orodTict 'f with *° ? We ob viously cannot visual- 

number ? and if ZCr V r n °^’ S 1 N ° W reCa11 that if a is any 
7 7- 7" pT 3nd arC P ° sitive w hole numbers, then 

5 5 T \ = 11 exa f ple > 53 • 5« = (5 . 5 . 5) (5 . 5 . 5 . 5) = 

« * i * . * 5 5 344 . If \ ve substitute 0 for m in this 

both H r ai h- ' = a °" = a "- But if we can divide 

both sides of this equation by a" and obtain a 0 = 1. Hence we define a« 

as 1 for the sake of consistency in our mathematical processes. On the other 

hand, we cannot so define «• if a = 0, for the last step would involve 

Chapter l ’ ^ °‘ ^ partkular P ° int is d --ed at length In 


Chapter 5 
Pages 79-81 

Paradox 1 . In step (1) it was assumed that a = b 4- c or thif 

a P b ~ C = o°' We divided by a b — c, or 0, to get equation (5) 
P A RADO x 2. The left-hand side of each of the identities assumes the 

value $ when 1 is substituted for at. This problem serves as additional 
evidence that g can be “ any number.” 

Paradox 3. A case of division by zero in false whiskers. By 
adding 10 to the left-hand side, we changed the value of a- to — 7. 
Both sides of the equation were divided by * -f- 7—now 0—in step (6). 


Pages 83-84 

^Paradox 1. If the given equation is solved for *, it is found that 
x — a + h. Consequently the numerators in our first result, although 
equal, are zero—insufficient grounds for assuming that the denomina- 
tors are equal. The second result is disposed of similarly. 


214 


APPENDIX 


Paradox 2. The solution for at is x = a — b. Hence the fraction 
(3a — 3 a -j- 3b)f(3x — 3a -f- 3b) is of the form 
Paradox 3. Here the solutions for x and y are 

x = a -f- b — c, 
y = a — b -f- c. 

These values reduce the fraction (x — a — b -f- c)j(j — a -f- b — c) to 
the form 


Page 85 

This paradox arises from contradictions in the original equations, 
which might have been written in factorized form as 

(x -y) (2a -y) - 4, 

(a - y) (a -4- 3 y ) = 9. 

It is now evident at once that these equations are not satisfied when x 

and A’ are equal. 


Page 87 

In passing from (5) to (6), only the positive signs were taken with 
the square roots. There is no contradiction if the negative sign is 
taken on the right, for then 


n 4 - 1 




Pages 88-89 

Paradox 1. It is assumed in step (1) that a> b. In step (4) both 
sides of the inequality arc divided by b — a, a negative quantity. 

Paradox 2. The logarithm of any number between 0 and 1 is 
negative, and in step (2) both sides of the inequality are multiplied by 

log (i). 


Page 90 

Paradox 1. The error occurs in (3). Let’s use our fs. Then 
(1) becomes i = i, and (3), 1/t = i/1. Now (1) is true and (3) is false. 
For if (3) were true we should have, on clearing of fractions, i 1 = 1, 
whereas actually i* = — 1. In passing from (2) to (3) we attempted 
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to apply toimaginary numbers the ordinary rule for division of 
radicals: V a/b = Vajy/b. 

Paradox 2. This is one of the more insidious of the fallacies. The 
trouble all oc curs i n step (1). It seems reason able enough to argue 

that V*= V( — i) (y — x ) = i y/y — *, but this statement 
is valid only when x — y is negative, so that y — * is positive.' It is 
perhaps simpler if put this way: we have said that any imaginary 
number such as y/— a (and if this number is imaginary, a must be 
positive) can be written as iy/a. We have not said that the real 
number y/a can be written as iy/— a , for this would give i 2 . y/a, 
or — Va, an immediate contradiction. In the problem under 
consideration we can assume that a and b are not equal, for if they were 
equal, step (5) would involve division by zero. Then either a > b or 
b > a > which means that one or the other of the left-hand sides of (2) 
and (3) is a real number, and this fact invalidates the whole argument. 


Chapter 6 
Pages 95-101 

Paradox 1. If the diameters are properly drawn, then the line 
PS will not cut the circles in two distinct points M and W, but will pass 
through R , as shown in Figure 110. To prove this, draw the diameters 



and connect R with P , S , and Q. Since angles PRQ and SRQ are 
inscribed in semicircles, they are right angles. But their sum must 
therefore be a straight angle, and this makes PRS a straight line. 
Finally, since between the two points P and S only one straight line 
can be drawn, this line must go through R. 

Paradox 2. In Figure 111, properly drawn, it is readily seen that 
the line PE falls outside the rectangle. Our proof for the equality of 

R.M.- 8 
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Pig. 111 


angles DAP and EBP is still valid, but it is now evident that the right 
angle CBG is no longer a part of the angle EBP. 

Paradox 3. Similar to Paradox 2. If the figure were drawn 
correctly, it would be found that EK lies completely outside triangle 
ABC. Although our proof that L DBK and LEBK are equal is still 
valid, the 60° angle ABC is no longer a part of Z.EBK. 

Paradox 4. Similar to Paradox 2. The perpendicular bisectors 
actually meet outside the quadrilateral, as in Figure 66(6), but in such 
a way that the line OB lies completely outside as well. Hence, 
although LAOP = L \ - Z.3, LBOP = L2 + Z.4, not L2 - L\. 

Paradox 5. Consider the original proportion ABjBC = AD/DC. 
Since B is the internal point of division of AC, and D the external 


point, it is evident at once that AD must be greater than AB. It 
follows (sec page 87) that DC must be greater than BC. But in that 
case Q,, the mid-point of BD, must lie outside the circle, so that the 
perpendicular bisector of BD does not intersect the circle at all. In 
other words there is no point P. Our proof breaks down completely 
when we first use P in step (8). 
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Pages 103-105 

Paradox 1. The fallacy here is a disguised case of division by zero. 
We conclude from step (8) that the denominators must be equal 
because the numerators are equal. But the numerators are zero, and 
this fact invalidates the conclusion. (See page 81.) To show’that 
the numerators are zero, note that the triangles ABC and ADC are 
similar. Hence AC/AD = AB/AC, or AC* = AB . AD. That is 
AC 2 - AB.AD = 0. 

Paradox 2 . Suppose we solve (1) and (2) for r and t in terms of 
P j and s. From the equations in question we have 

pr - qt= - ps , (a) 

qr pt — ps. (b) 

Adding (a) and (b), we have 

(P + q) r - (P + q)t = 0 , 

or 

(P + q) (r - t) = 0 . 

The last equation will be satisfied if either of the two factors is zero. In 
(4) we disregarded the possibility that r — t might be zero, and so had 
to conclude that p + q is zero. Since p -f- q is not zero, r — t must be 
zero. Then, in (4), the fraction (/ — r)/(r — t) becomes ", which is 
meaningless. 


Pages 107-109 

Paradox 1. Since the sum of the angles of a spherical triangle can 
be anything between (but not including) 180° and 540°, we cannot 
assume, as we did, that the sum of the angles is the same (that is to say, 
x) for any triangle. Nor is it true to say that “ the sum of che angles 
of triangle ABC is equal to the sum of the angles of the three small 
triangles minus the sum of the angles at P>” for this implies the 
assumption that (Figure 72) A.CAP 4- JLPAB = LCAB. This is 
certainly not true when applied to the angles of spherical triangles. 

Paradox 2. This paradox is a rather ingenious one, for the correct 
figure is difficult to visualize, and the correct analysis is a bit lengthy, 
although it involves only fairly simple ideas. Let us fix our attention 
on PA and the associated sphere and circle. To fix the centre of the 
circle in which the plane intersects the sphere whose diameter is PA , 
drop a perpendicular OQ,from the mid-point of PA —from the centre 
of the sphere, that is—to the plane m, as in Figure 112. (The radius 
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of a sphere, if perpendicular to a plane of intersection, passes through 
the centre of the circle of intersection.) Then with Q, as centre and 


P 



HA as radius draw the circle in m. But now drop a perpendicular 
PC from P to m and draw Q,C. Since ylQC is the projection of the 
line PA on the plane, ylQ,C w ill he a straight line. Furthermore, since 
AO and OP aie radii of the same sphere, they are equal. But 0Q is 
parallel to PC. (Two lines perpendicular to the same plane are 
parallel.) Therefore AQ = (T C. (A line parallel to one side of a 
triangle divides the other two sides proportionally.) But this result 
means that C must lie on the circle of intersection, and AQC must be a 
diameter. 

If now wc treat in the same way the circle formed by the plane and 
the sphere about PD as diameter, our situation in plane m will appear 



as in Figure 113 Draw AD and DB. We have already proved that 
if AC and DC arc diameters, ADD must be a straight line. (See dis- 
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Droof n W Parad0X , Ch - 6 ’ P a § e 215 ') Now return to our original 

proof. We argued that since PC is perpendicular to the two inter¬ 
secting straight lines AC and CB, it is perpendicular to plane m. True 
nougln But we applied the same argument to PD, thinking of AD 
and DB as intersecting straight lines. Since AD and DB are parts of 
one and the same line, PD need not be perpendicular to m, even though 

" n 5T e n^ C th r lme ADB - Final ‘y> for ^rent choices of 

A and S ail the circles of intersection pass through C, so that PC is a 

perpendicular common to all choices. The second intersection D is a 

varying point. In each case PD is perpendicular to the corresponding 
line ADB , but not to plane m. 5 


Chapter 7 
Pages 129-131 

Paradox 1 The length of the limiting line appears to be V2 only 
because the limiting line appears to be the hypotenuse of the right 
triangle; Consider the first line, shown in diagram (b) of Figure 
79 It is evident at once that the sum of the horizontal segments is 1 
and that the sum of the vertical segments is also 1. Hence the length 
of L x is 2 But the same argument applies to L 2 and L,, shown in 
diagrams (c) and (d). That is to say, in each of these cases the sum 
of the horizontal segments is 1, as is the sum of the vertical segments. 
Hence Z, 2 and L 3 , l.ke are each 2 units long. Now regardless of 
how many times the number of “ steps ” is doubled and redoubled, 
the sum of the horizontal segments remains 1, and the sum of the 
vertical segments remains 1. Consequently every one of the broken 

lines Li, L 2y L 3 , L x , L b , L e , ... is 2 units long. It follows that the 
length of the limiting line is also 2 units, and not V2 units. 

Paradox 2. Consider the curve C l9 shown in Figure 80(a). Since 
the circumference of a circle is equal to tt times the diameter of the 
circle, the length of C 1 is t z(AB). The curve C 2 , in diagram (b), 
consists of two circles, each of diameter (AB)/2. The circumference of 
each circle is n{AB)/2. Therefore the length of C 2 is 2 . n(AB)/2, or 
7V(AB). The curve C 3 , in diagram (c), consists of four circles, each of 
diameter (AB)/ 4. The circumference of each circle is 7 v(AB)/4 
Therefore the length of C 3 is 4 . n(AB)/4, or tt (AB). Similarly, the 
length of C 4 is 8 . n(AB)/8, or tz(AB). And so on. Consequently the 
length o f every one of the curves C l9 C 2 , C 3 , C 4 , C 6 , C 6 , . . . is 7 z(AB). It 
follows that the length of the limiting curve is not 2 (AB), but 7 v(AB). 

Paradox 3. Consider the curve C 19 shown in Figure 81(a). This 
curve consists of four semicircles, each constructed on a side of the 
inscribed square. Since the circumference of a circle is equal to n 
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times the diameter of the circle, the length of a semicircle is equal to 
In times the diameter of the semicircle. Hence the length of each 
semicircle in the figure is equal to £n times one side of the square, and 
the length of the four semicircles is equal to ^77 times the sum of the 
four sides of the square. If we denote the perimeter of the square by 
/>,, we can express the length of C\ compactly as 77 . p x j 2. Again, C 2 
is made up of eight semicircles, each constructed on one of the eight 
sides of the inscribed octagon of diagram (b). Hence the length of 
C 2 is .\t 7 times the sum of the eight sides of the octagon. Or, if we 
denote the perimeter of the octagon by /> 2 , we can express the length of 
C 2 as 77 . f) 2 l 2. In the same way the lengths of C 3 and C 4 can be ex¬ 
pressed as 77 . () 3 2 and 77 . /q/2, where p 3 and p A denote, respectively, 
the perimeters of the sixteen-sided and thirty-two-sided inscribed 
polygons of diagrams (c) and (d). Therefore the lengths of the 
successive emves C\, C.>, C 3 , C P C 5 , C c , . . . are respectively, 



where /;„ /> 2 , /> 3 , p. x . /; 5 , f> rr . . . denote the perimeters of the successive 
inscribed polygons. But in introducing the notion of a limiting curve 
in general, it was pointed out that it can be proved rigorously that the 
sequence of inscribed polygons approaches the circle as a limit. That 
is to say, the limit of the sequence of perimeters />,, p 2 > Pz> Pv P&* Pv 
. . . is the circumference of the circle, or 2nR. Consequently the 
length of the limiting curve (which appears to approach the circumfei- 
ence of the circle) is not 2 nR, but ir: times 2 77 /?, or n 2 R. 


Page 149 

Ever since Cantor’s discovery of the transfinite numbers A j and C, 
mathematicians have been trying to find an infinite class whose trans- 
finitc number is greater than A x and less than C. All such attempts 
have been in vain. The question then arises whether or not the 
assumption that there is no transfinite number between A 1 and C is a 
consistent one—that is to say, whether or not it will ever lead to contra¬ 
dictory results. K. Godel, an Austrian logician, has succeeded in 
proving the following theorem: 

If the ordinary axioms—or assumptions—of the theory of aggregates are 
consistent , then the ordinary axioms , together with the assumption that there is no 
transfinite number between A x and C, are also consistent. 

It is interesting to note further, that Godel conjectures that the denial 
of the assumption in question would also be consistent. If this con¬ 
jecture can ever be proved , it will mean that it will never be possible to 
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decide, by means of the ordinary methods of the theory of aggregates 
less^han C 001 eX1StS 3 transfinite num ber greater than A x and 

Chapter 8 
Page 161 

Paradox 1. The first solution is wrong, the second right. The 
quickest way to settle the matter is to examine a diagram showing all 
possibilities. Such a diagram is given in Figure 114, from which it is 
easy to see that the three coins can be tossed in any one of 8 equally 

hkely ways. Of these 8 ways only 2—the first and eighth—are favour¬ 
able. Therefore the correct probability is g, or J. 


1st coin 


®©©®@©@@ 
©©©©©©©© 
*■*“'”©© © © ® © © © 


2nd coin 


case 

1 


case 

2 


case 

3 


case 

4 

Fig. 114 


case 

6 


case 

6 


case 

7 


case 

8 


In the incorrect solution we argued that two of the coins must come 
down alike. Let us suppose, to fix our ideas, that these are heads. 
We then assumed that it is just as likely for the third coin to be like the 
first two as to be unlike them. A glance at the figure will show that this 
assumption is not valid. Two (or more) heads appear in 4 of the 8 
possible cases—the first, second, third, and fifth. In only one of these 
4 cases are all three coins heads. Consequently it is three times as likely 
for the third coin to be unlike the other two as to be like them. 

Paradox 2. Figure 115 shows that there are 6 possible results in the 
game. The marbles are shown diagrammatically—Peter’s first marble 
on the left, his second on the right. The numbers on the marbles 
indicate whether that particular marble got first, second, or third place 
in the game. In the fourth case, for example, Peter’s second marble 


Peter (00 QQ 00) 00 00 QQ 

Paul 0 0 0 0 0 0 

case case case case case case 

1 2 3 4 5 6 

Fio. 115 
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came first, Paul’s marble second, and Peter's first marble third. Peter 
wins in 4 of the 6 cases—all but the last 2. Therefore the correct 
probability is vf, and not 

Let us see what is wrong with the second solution suggested. Here 
it was argued that the following 4 cases are the only ones possible. 

(1) Both of Peter’s better than Paul’s, (ii) Peter’s first better than 
Paul’s and his second worse, (iii) Peter’s second better than Paul’s 
and his first worse, (iv) Both of Peter’s worse than Paul’s. Now 
compare these 4 cases, labelled with Roman numerals, with the 6 cases 
of Figure 115, labelled with Arabic numerals. We see that (i) includes 

(2) and (3), that (ii) is the same as (1), that (iii) is the same as (4), and 
that (iv) includes (5) and (6). Since cases (1) to (6) are equally likely, 
cases (i) to (iv) arc not. Case (iv)—the only one which makes Peter 
] osc —i s m ore likely than cither case (ii) or case (iii). 

Chapter 10 
Pages 195-199 

Paradox 1. The statement that a and b will “ never” meet is 

incorrect. Let us assume, in the figure which accompanies the 

problem, that AB = 1. Denote each of the equal angles ABD and 
BAC by 0. Since AC = BD = 4, the projection of cither AC or BD 
on AB is (§) cos 0. Now CD, being parallel to AB, is equal in length 

to its own projection on AB. It is therefore easy to sec that CD — 

1 - cos 0. Similarly, EF = (1 - cos 0) 2 , GH = (1 - cos 0) 3 , . 

In general, the length of the nth line drawn between a and is 
(1 — cos 0)". As the construction is “continued indefinitely, n 

tends to infinity. And, since 0 < cos 0 < 1, 

lim (1 - cos 0)- = 0. 

n «—► 30 

Consequently a and b will “ ultimately ’ meet. 

Paradox 2. In steps (4) and (5) we concluded, since 

S in (/! + ?) = sin (B + £), 

that 

A+C-H+l 

This conclusion is not necessarily true. That is to say, if sin at = sin^, 
x is not necessarily equal loy, but may be equal to the supplement ofy. 
This conclusion follows from the fact that 

sin_>> = sin (180° — y) 
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Thus, in place of step (5) we may have 

A + ~= 180° -(B+ Cy 

Adding B + (C/2) to both sides of this equation, we obtain 

A + B + C = 180°, 

a true result. 

Paradox 3. A case of failure to examine the double sign when 
extracting the square root in step (2). The left-hand side of (3) should 
be + cos 3 *, in which case (5) will read 

(± c °s 3 * + 3) 2 = [(1 - sin*)? + 3] 2 . (5') 

The negative value of the term + cos 3 * must be taken when * has the 
value 7c. The relation (5') then reduces to 4 2 = 4 2 , or 16 = 16. 

Paradox 4. The fallacy here is the same as that noted in Paradox 
3. Steps (2) and (3) should read, respectively, 

sin * = + (1 — cos 2 *)*, 

sin * = + (1 — 1 cos 2 * — £ cos 4 * — y 1 ^ cos 6 

With the double sign, sin * is no longer an “ even ” function. 

Pages 202-204 

Paradox 1. A case of misuse of infinity. If the major axis of the 
ellipse is allowed to increase without limit, the area in question—call 

it either a semi-ellipse or a parabolic segment—becomes infinite, and 
the relation 

nab 2 , 0 , x 

t = 3 (a • 2b) 

is meaningless. 

Paradox 2. The value o fy is zero not only when t is zero, but also 
when t is infinite. To be more specific, equations (1) and (2) give 

. ' lim * = — 1, lim^ = 0. 

t—> co > co 

These observations account for the second point at which the *-axis 
intersects the circle—that is, the point (— 1, 0). 

Paradox 3. The first solution is correct. In order to see how the 
single equation (2) reduces to two equations, proceed as follows. 
Choose a system of rectangular co-ordinates so that the origin is at the 
given point A, and so that the *-axis passes through B . The co- 
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ordinates of A, B, and P can then be taken, respectively, as (0, 0, 0), 
(b, 0, 0), and (x,y, z). Equation (2) reduces at once to 


or 



y = 0 and z = 0. 


Hence two conditions are imposed on the co-ordinates of P. 


Pages 204-207 

Paradox 1. 1 he use ot the theorem to the effect that 


lim 

-r—>a 


/w_ 

g(x ) 


lim 


/'W 

g'(x) 


is not legitimate in this problem. The quantity x is not a variable, but 
a constant. At the very beginning of the problem it was assumed that 
x = a — b. 

Paradox 2. I he trouble here lies not in the application of the 
theorem used in Paradox 1, but in the expression to which the right- 
hand side of (1) reduces when x has the value 1—that is to say, in the 
series 1 — 1-j-l — 1 : 1 — 1 -f- . . . It was argued that this scries 
always has the same value, the word “ value ” presumably referring to 
the sum of the series. But the series is an oscillating series, and so has 
no definite sum. (Compare this paradox with that on page 119, in 
which the series in question is used to “ prove ” that \ J = } = 


Paradox 3. If P is to lie on CD , x can assume values only between 
0 and 3. The function dS/dx vanishes for no value of x in this range. 

I hcrcforc the value of .v for which S is a minimum cannot be found by 
making dSjdx zero. For x in the range 0 to 3, S assumes a minimum 
value when x is 3. This fact can be verified by inspection cither of the 
function S itself, or of its graph for 0 < x < 3. It is true that the 
function S is a minimum for x = 2 \/T But in this case the distance 
CP, which is denoted by 3 — x, is negative. 

Paradox 4. Similar to Paradox 3. The relation between r and x 
is linear, so there is obviously no value of x for which drjdx vanishes. 
The permissible range of values for x runs from — a to -f- a. It can 
readily be seen by inspection that r is a maximum when x = -f- a, 
and a minimum when x = — a. 


Pages 207-209 

Paradox 1 . For all integral values of«, it is true that sin 2niz = 0, 
but it docs not follow that sin x = 0 for all values of x between 0 and 
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2«7C. The area bounded by y = sin x and the x-axis between 0 and ?r 
is equal numerically to the area bounded by the curve and the axis 
between 7r and 2 tt, but these two areas are opposite in sign. It is easy 
to see that the area obtained by integration from 0 to 2n- consists of an 

equal number of positive and negative portions, and that the algebraic 
sum of these portions is zero. 

Paradox 2. The fallacy here lies in the fact that the constant of 
integration was overlooked. If two functions are equal, it does not 

follow that their integrals are equal—they may differ by a constant. 
Step (2) should read 


log x = log (- x) + C. 

The right-hand side of this relation reduces to the left-hand side if the 
value of C is taken as log (—1). That is to say, 

lo g (- x) + log (- 1) = log (- x) (- 1) 


= log x. 


Paradox 3. 
sin 2 x in (1), 


Similar to Paradox 2. Substituting 1 — cos 2 * for 



1 

2 

1 

2 


(1 — cos 2 x) 

1 

— - COS 2 X. 


This result differs from the value of/as given in step (2) only by the 
constant J. 

Paradox 4. There is no fallacy in the argument. The area under 
the curve is generated by the ordinate, 1/x. As x increases without 
limit, 1/x tends to zero, but so slowly that the entire area is infinite. 
The volume , on the other hand, is generated by the cross section of the 
solid—a quahtity proportional to 1/x 2 . As x increases without limit, 
the quantity 1/x 2 tends to zero much more rapidly than 1/x—rapidly 
enough, as a matter of fact, to make the entire volume finite. (Com¬ 
pare with the fact that the series 


2 + 3 + 4 + 5 + 6 + 7 + 


diverges to infinity, whereas the series 


1,1,1,1 . I . I , 

2* ' 32 ' 4* m ' 


6* ' 7* 


converges to a finite limit.) 
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Pages 209-211 

Paradox 1 . De Moivrc’s theorem, 

(cos AT -f 7 sin Af)" = COS fix + ? sin 77AT, 

is valid only for real values of /?. In the paradox under consideration 

it was incorrectly assumed that this theorem could be applied when n 

has the value /. In addition, it is incorrect to argue that e* has the 

value 1 only w hen x is zero. I rue enough for real values of x, but not 

for complex values. In order to verify this statement, substitute in 
Euler's formula, 

e ,M = cos x -f / sin at, 


the value x = 2/7—. 
integral values of n. 


It is seen at once that c 2 ”" 1 has the value 1 for all 


Paradoxes 2 and 3. Similar to Paradox 1. Paradox 2 is the 

exponential form, and Paradox 3 the logarithmic form, of one and the 

same argument. By Euler’s formula, the equations e* = — 1 and c 2 * 

~ 1 Paradox 2 are satisfied if x — trr.i , where // is any integer. The 

equation e~* - 1 does not necessarily imply that 2at, and hence at, has 

the value zero. 


Paradox 4. I o show that the second solution reduces to the first, 
interchange the second and third rows of the determinant of equation 
(4). Then 




Now apply a theorem of Laplace on the development of determinants. 
The result is the equation 

(ac' - a'c)* + (bd* - b'd)* -f {ad' - ad)* 

+ {be' - b'c)* - 2 (a'b - ab') (c'd - cd') = 0. 

This equation can be written in the form 

[(**' “ «'*) ~ (bd' - b'd)]* + [{ad' + be') - (a'd+ b'c)]* = 0. 



Since a, b, c, d, a' 
is equivalent to 


These equations 
solution. 


appendix 


’ f ’ and d ' are a11 real quantities, this single 
the two equations 


ac ' — a'c = bd' — b'd> 
ad' + be' = a'd -f b'c. 

are, of course, the equations (2) reached in 
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Chapter 2 

1. Good source books for material of this sort are W. W. R. Ball, 
Mathematical Recreations and Essays . London (Macmillan), 1931 (10th 
ed.), and W. Lictzmann, Lustiges and Merkwiirdiges von Zahlen und 
For men, Breslau (Hirt), 1930 (4th ed.). 

2. Lewis Carroll (C. L. Dodgson), Further Nonsense , New York 
(Appleton), 1926, pp. 91, 92. 

3. Some of these examples are to be found in H. E. Dudeney, 
Amusements in Mathematics, London (Nelson), 1917, pp. 8, 9. 

4. The author’s attention has been called to the following actual 
instance of an even greater complication in the family of the second 
wife of Percy Bysshe Shelley, the famous English poet. 

Gilbert Mary William Mary Jane Clairmont 

I ml.iv 1 Wollstonecraft Godwin ? 

/ j I 

Fanny Godwin Mary William | I 

(illegitimate child) (Shelley's Jane Charles 

2nd wife) (Called Clair- 

later Byron’s 
mistress) 


5. Deceased Wife's Sister Act 
Widow Act of 1921. 


of 1907, and Deceased Brother’s 


Chapter 3 

1. W. W. R. Ball, Mathematical Recreations and Essays , London (Mac¬ 
millan), 1931 (10th ed.), p. 229. This is Ball’s version of de Parville’s 
account in La Nature , Paris, 1884, part I, pp. 285, 286. 

2. The author is indebted to H. Steinhaus for this neat way of 
presenting the largest prime. See his Mathematical Snapshots , New 
York (Stechert), 1938, p. 12. 

3. Information on such topics as Fermat’s numbers, perfect num¬ 
bers, and the division of the circle can be found in almost any history 
of mathematics. See, for example, D. E. Smith, A History of Mathe¬ 
matics, New York (Ginn), 1925. A good discussion of the first two of 
these three topics is to be found also in Ball, op. cit. y pp. 37-40. 
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4. F. Cajori, A History of Elementary Mathematics , New York (Mac¬ 
millan), 1914, pp. 1-18. 

5. For a complete discussion of the theory of this game—commonly 
called nim see G. L. Bouton, Annals of Mathematics , series 2, vol. 3 
(1901-02), pp. 35-39. 

6. See, for example, Ball, op. cit ., pp. 4-13; also W. Lietzmann, 
Lustiges und Merkwiirdiges von Z a Men und Formen , Breslau (Hirt), 1930 
(4th ed.), pp. 153—169. Perhaps the best popular collection of mind¬ 
reading tricks involving numbers is to be found in R. V. Heath, 
Mathemagic , New York (Simon & Schuster), 1923. 


Chapter 4 

1* Compare W. W. R. Ball, Mathematical Recreations and Essays , 
London (Macmillan), 1931 (10th ed.), pp. 52-54. According to 
Ball, earliest reference to this paradox is /feitschrift fur Alathematik und 
Physik , vol. 13 (1868), p. 162. See also American Mathematical Monthly , 
R. C. Archibald, vol. 25 (1918), p. 236; and W. Weaver, vol. 45 
(1938), p. 234. 

2. See, for example, A. H. Church, On the Interpretation of Phenomena 
of Phyllotaxis , London (Oxford Press), 1920. 

3. The equation in polar co-ordinates of the logarithmic spiral is 
r = a 0 , or 0 = log, r. 

4. Jay Hambidge has written a number of books on dynamic 
symmetry. Perhaps the best general discussion of the relation of the 
Fibonacci series to nature and to art is to be found in his Practical 
Applications of Dynamic Symmetry , New Haven (Yale Press), 1932. 
This book contains numerous illustrations of plant growths, shell 
spirals, and the like. 

5. For a complete discussion of curves of constant breadth, see H. 
Rademacher and O. Toeplitz, Von Zahlen undFiguren , Berlin (Springer), 
1930, pp. 128-141. 

6. Galileo Galilei, Dialogues Concerning Two New Sciences , New York 
(Macmillan), 1914, pp. 20-26. This book is an English translation of 
the original Italian text, published in Leyden in 1638. 

7. See, for example, W. W. R. Ball, op. cit., pp. 170-181, for this 
problem and some of its generalizations. 

8. This surface is discussed at length in D. Hilbert and S. Cohn- 
Vossen, Anschauliche Geometric , Berlin (Springer), 1932, pp. 271-276. 

9. Good photographs of the Mobius strip and other strips discussed 
here are to be found in H. Steinhaus, Mathematical Snapshots , New York 
(Stechert), 1938, pp. 112-116. 
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10. W VV. R. Ball, op. cit., pp. 321-336. See also, by the same 
author, String Figures, Cambridge (HefTcr), 1921 (2nd ed.). 

11. Figure is from H. Steinhaus, op. cit., p. 118. 

Chapter 5 

1. W. F. White, A Scrap-Book of Elementary Mathematics, Chicago 
(Open Court), 1910 (2nd ed.), p. 88. 

2. J. R. D'Alembert, Opuscules Mathematiques, Paris, 1761 vol 1 

p. 201. ’ * ’ 

3. W. Lictzmann, Trugschlusse, Leipzig (Teubncr), 1923 (3rd ed.), 

p. 8. 

4. W. Lietzmann, op. cit., p. 40. 

5. W. F. White, op. cit., p. 7S. 

6. W. Lictzmann, op. cit., p. 14. 

7. E. Gelin, Mathesis, vol. 13 (1893), p. 224. 

8. W. Lietzmann, op. cit., pp. 14, 15. 

9. W. F. White, op. cit., p. 84. 

10. W. Lictzmann, op. cit., pp. 9, 10. 

11. The three following examples arc from W. Lietzmann, op. cit.. 
pp. 12, 13. 

12. See, for example, B. Russell, Introduction to Mathematical Philo¬ 
sophy, London (Allen & Unwin), 1919, pp. 1-19. 

13. W. F. White, op. cit., p. 85. 

14. W. W. R. B.dl, Mathematical Recreations and Essays, London (Mac¬ 
millan), 1931 (10th ed.), p. 30. Attributed to G. T. Walker. 
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1. See, for example, 1. L. Heath, 77 le Thirteen Books of the Elements 
of Euclid, Cambridge (Univ. Press), 1926 (2nd ed.), vol. I, p. 7. 

2. VV. VV 7 . R. Ball, .Mathematical Recreations and Essays, London (Mac¬ 
millan), 1931 (10th ed.), p. 48. Ball’s discussion is by no means as 
detailed as the one given here. 

3. Sec, for example, Hawkcs, Luby, and Touton, New Plane Geo¬ 
metry, New York (Ginn), 1917, p. 405. 

4. VV 7 . VV. R. Ball, op. cit., p. 45. 

5. VV. W. R. Ball, op. cit., p. 49. 

6. M. Laisant, Mathesis, vol. 13 (1893), p. 224. 

7. P. Stackcl, Archiv der Mathemalik und Physik, series 3, vol. 12 (1907) 

p. 370. ’ 

8. Preussische Lehrerzeitung, about 1913. 

9. M. Coccoz, LTllustralion, Paris, Jan. 12, 1895. 

10. W. Lietzmann, Trugschlusse , Leipzig (Teubncr), 1923 (3rd ed.), 
pp. 32, 33. 
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11. W. Lietzmann, op. cit., pp. 31, 32. 

12. W. Lietzmann, op. cit., pp. 35, 36. 

13. G. Gille, Mathesis, vol. 29 (1909), p. 97 . 


Chapter 7 

1. An exhaustive bibliography of researches concerning Zeno’s 

" , t0 be . f ° 0 U " d ln an articlc by F. Cajori in American Mathe- 
matical Monthly , vol. 22 (1915), pp. 1-6, 292-297. 

2. For a technical discussion of the convergence and divergence of 

mfinne . ref< f *° an V S ood text on the subject-for example, 

<M£m,Zr£oS ’ ““ n '”’ ° f 

3 The number e , an irrational number, is as important to calculus 

2 S 7i82s n T< I 6 " V.. t0 - ge ° met 7' Its vaIue to five decimal places is 
2 71828. log. 2 signifies the logarithm of 2 to the base the 

power to winch , must be raised if the resulting number is to be equal 

to 2 The proof of the convergence of the series in question is given in 
I. J. Bromwich, op. cit., p. 51. 

4. Bernard Bolzano, Die Paradoxien des Unendlichen, published post¬ 
humously, edited by Fr. Pfihonsky, Leipzig (Reclam), 1851. Re¬ 
printed Leipzig (Meiner), 1920. 

« u de Mathemati( l ue > vo1 - 20 (1830), p. 364. Article signed 

M. R. S. 

6. We shall see presently that the same series can be summed in 
other ways. W. W. R. Ball believes that this particular form of the 
paradox first appeared in his Algebra , Cambridge, 1890, p. 430. 

7. For the proof of this theorem see, for example, T. J. Bromwich, 

op. cit., pp. 68-70. Although Riemann proved the theorem in 1854, it 
was not published until 1867. 

8. This form of the paradox is attributed to Dirichlet. 

9. G. Chrystal, Algebra , Edinburgh, 1889, vol. 2, p. 159. 

10. W. Lietzmann, Trugschliisse , Leipzig (Teubner), 1923 (3rd ed.), 
p* 43. 


11. Galileo Galilei, Dialogues Concernijig Two New Sciences , New 
York (Macmillan), 1914, pp. 27-29. This book is a translation of the 
original Italian text, published in Leyden in 1638. 

12. Journalfilr Mathematik,v ol. 11 (1834), p. 198. 

13. The first two of the pathological curves discussed here were 
originally constructed as examples of non-differentiable functions— 
continuous functions whose graphs have no tangent at any point. 
The snowflake curve was designed by E. Kasner in 1901, and appears 
in his Mathematics and the Imagination, New York (Simon and Schuster), 
1940. An exhaustive historical development and bibliography of such 
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functions is to be found in A. N. Singh, The Theory and Construction of 
Non-Differentiable Functions , Lucknow (Kishore), 1935. 

14. W. Sierpinski, Bulletin de PAcademic des Sciences de Cracovie , A 
(1912), pp. 463-478. 

15. W. Sierpinski, Coniptes Rendus de VAcademie des Sciences a Paris , 
vol. 160 (1915), p. 302. 

16. L. E. J. Brouwer, Afathematische Annalen , vol. 68 (1909), p. 427. 
Our construction is an adaptation, due to H. Hahn, of Brouwer’s 
original construction. 

17. Galileo Galilei, of), iit ., pp. 31-33. 

18. Prool of the fact that the number of rational numbers is A ly while 
the number of real numbers is greater than is included in Cantor’s 
fust contribution to the theory ol aggregates. See Journal fur Afathe- 
matik , vol. 77 (1874), pp. 258-262. 

19. It should be pointed out that the proof concerning the unit 
square and the unit line presents certain difficulties which were omitted 
ior the sake ol brevity. For example, our conclusion that “ there are 
no more points in the unit square than in the unit line ” is true, but 
we did not show that the number of points in the square is equal to the 
number ol points in the line. In other words, we merely showed that 
to every point P ol the square there corresponds a unique point Qof 
tin- line. Certain modifications must be made in the representation of 

il the converse is to be established. These difficulties arc discussed 
in, for example, 1-'. Klein, Elementary Mathematics from an Advanced 
Standpoint , New York (Macmillan), 1932, pp. 257-259. This book is a 
translation ol the third German edition. 

20. Prool of these results was first given by Cantor in Journal fiir 
Mathematik , vol. 84 (1878), pp. 242-258. 

21. That the number of transfinitc numbers is infinite was first 
established by Cantor in Mathematische Annalen , vol. 21 (1883). Later 
he gave simpler proofs of this result and of some other previous results 
in Jahresberichte der Deulschen Aiathematiker- Vereinigung, vol. 1 (1890-91), 
pp. 75-78. 


Chapter 8 

1. It is unfortunate that the first letter from Pascal to Fermat has 
been lost. A number of the later letters which passed between these 
two men can be found, translated into English, in D. E. Smith, A 
Source Book in Mathematics , New York (McGraw-Hill), 1929, pp. 546- 
565. 

2. I. Todhunter gives an account of this in his Plistory of the Theory of 
Probability , London (Macmillan), 1865, pp. 258, 259. 

3. F. Galton, Nature , vol. 49 (1894), pp. 365, 366. 
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p 4 3 , 4 Bertrand > Cal cut des Probability, Paris (Gauthier Villars), 1889, 

5. J. Bertrand, op. cit., pp. 2, 3. 

6. The problem can be solved by the use of Baves’ theorem. See 

for example, T. C. Fry, Probability and Its Engineering Uses, New York 
(Van Nostrand), 1928, pp. 121, 122. 

7. Both examples are from W. Lietzmann, Trugschlusse, Leipzig 

(Teubner), 1923 (3rd ed.), p. 16. 1 b 

8. J. Bertrand, op. cit., p. 4. 

9 Paradox 1 is from J. von Kries, Die Principien der Wahrschein- 
hchkeitsrechnung, Freiburg, 1886. Paradoxes 2, 3, and 4 are from 

ertrand, op. cit., pp. 4-7. For further discussion of problems of this 
toQoTcfu 11 ', CzUber ’ Wahrscheinl > chkei tsrechnung, Leipzig (Teubner), 

1938 (5th ed.), pp. 80-118. 

10. This conclusion can be deduced from the following three 
theorems of plane geometry. (1) In any triangle the centre of the 
circumscribed circle is the point of intersection of the perpendicular 
bisectors of the sides. (2) In an equilateral triangle the perpendicular 
bisector of any side coincides with the median to that side. (3) In 
any triangle the medians intersect in a point which is two thirds the 
distance from any vertex to the mid-point of the opposite side. 

11. The principle of insufficient reason is discussed at length in 

J. M. Keynes, A Treatise on Probability , London (Macmillan), 1921 
pp. 41-64. ’ 

12. J. Bertrand, op. cit., pp. 31, 32. 

13. See, for example, the discussion by R. E. Moritz, American 
Mathematical Monthly , vol. 30 (1923), pp. 14-18, 58-65. 

14. This is the St. Petersburg paradox in disguise. 

15. Lewis Carroll (C. L. Dodgson), Pillow Problems , London (Mac¬ 
millan), 1894, p. 18. 


Chapter 9 

1. B. Russell, Introduction to Mathematical Philosophy , New York (Mac¬ 
millan), 1920 (2nd ed.), p. 194. 

2. B. Russell, Revue de Metaphysique et de Morale, vol. 14 (1906), 
pp. 627-650. See also, by the same author, American Journal of 
Mathematics, vol. 30 (1908), pp. 222-262. 

3. More detailed discussions of the logical paradoxes can be found 
in a number of places. See, for example, B. Russell and A. N. White- 
head, Principia Mathematica, Cambridge (Univ. Press), 1935 (2nd ed.), 
vol. I, p. 60 fF.; C. I. Lewis and C. H. Langford, Symbolic Logic, New 
York (Century), 1932, pp. 438-485; and so on. 
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4. C. Burali-Forti, Rendiconti del circolo matematico di Palermo , vol. 11 

(1897), pp. 154-164. 

5. J. Richard, Revue generate des Sciences , vol. 16 (1905), p. 541. A 
less technical discussion of this paradox can he found in an article by 
A. Church, American Mathematical Monthly , vol. 41 (1934), pp. 356-361. 

6. An excellent discussion of trends in mathematics from the very 
beginning of the subject is to be found in E. T. Bell, The Development of 
Mathematics, New York (McGraw-Hill >, 1940. The first part (pp. 
511-536) of the last chapter of this book is devoted to the most recent 
investigations into the foundations of mathematics. Sec also T. 
Dantzig, Number , the Language of Science , New York (Macmillan), 1930, 
pp. 224-248. 


Chapter 10 

1. J his argument has been attributed to Proclus (fifth century a.d.). 

2. Mathesis, vol. 23 (1903), p. 133. 

, ^ hiu s se, Leipzig (Teubner), 1923 (3rd cd.), 

pp. 44, 45. 

4. Mathesis , vol. 10 (1890), pp. 222-224. Article signed “ P. M.” 

5. \\ . \\ . R. Ball, Mathematical Recreations and Essays, London (Mac¬ 
millan', 1931 (1 ()11 1 ed-b p. 51. Attributed to R. Chartres. 

6. YV. Lietzmann, op. cif., p. 37. 

/. J. L. Coolidge, American Mathematical Monthly , vol. 38 (1931), 
pp. 222, 223. J he solution given in the Appendix was suggested by 
G. Bareis, same periodical, vol. 39 (1932), p. 29. 

8. \V. Lietzmann, op. cit., pp. 45, 46. 

9. \V. Lietzmann, op. cit., p. 42. 

10. W. Lietzmann, op. cit., pp. 47, 48. 

11. YV. \V. R. Ball, op. cit., p. 52. 

12. YV. Lietzmann, op. cit., p. 49. 

13. YV. Lietzmann, op. cit., pp. 50, 51. 

14. \V. Lietzmann, op. cit., pp. 11, 12. 

15. Paradoxes 2 and 3 arc both from \V. W. R. Ball, op. cit., p. 29. 
rhe second is attributed to Johannes Bernoulli. 

16. J. L. Coolidge, American Mathematical Monthly, vol. 21 (1914), 
p. 184. The solution given in the Appendix was suggested by G. Loria, 
same periodical, same volume, p. 327. 
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Double sign in square root, 75, 

86-87 

Drunkard, 76 
Dudeney, H. E., 228 
Duodecimal number system, 
32 

Dynamic symmetry, 52, 229 

Egg and a half, 13 
Eleventh Commandment, 79 
Ellipse, 202-203, 206-207 
Epimenides, 184 

Equations, systems of, 75, 85, 
210-211 

Euclid, 27, 30, 91, 127 
Euler, L., 28, 30, 61-62, 210 
Exceptions to rules, 184-185 
Excessive numbers, 30 
Exponentials, 210 


Fallacies 

algebraical, 73-90 
geometrical, 91-109 
Family relationships, 15-18, 228 
Fathers and sons, 1,15 
Fermat numbers, 27-28, 30, 228 
Fermat, P., 27, 30, 155, 232 
Fibonacci (Leonardo of Pisa), 47 
Fibonacci series, 45-52, 229 
Figures, distorted, 91-100 
Forecasters, weather, 174-175 
Foreign exchange, 8-9 
Foundations of mathematics, 192- 
194, 234 

Four-colour problem, 70-72 

Fractions, 76-78, 81-84, 205 

Frege, G., 191 

Frog in a well, 13 

Fry, T. C., 233 

Functional relationship, 76-77 

Galileo, 125, 126, 139-140, 229, 
232 

Galton, F., 232 
Gambling, 155-156, 175-179 
Gauss, C. F., 30 
Gelin, E., 230 
Generations, 22 
Geography, 5-6 
Geometrical fallacies, 91-109 
Geometrical paradoxes, 44-72, 
91-109, 125-137, 195-198, 

199-202 

Geometry, the infinite in, 125-137 

Gille, G., 231 
Godel, K., 220-221 
Golden section, 49-51 
Grains of wheat, 26-27 

Hahn, H., 232 
Hambidge, J., 52, 229 
Hanoi, Tower of, 24-26 
Harmonic series, 116-117, 121 
Heath, R. V., 229 
Heath, T. L., 230 
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Hemispheres, northern and south¬ 
ern, 1-2 

Heterological and autological 
1S6-187 

Hilbert, D., 192-193, 229 
Horses, seventeen, 9-10 
Hotel accommodations, 8 
Hypocycloid, 60 

Illegal cancellation, 76 
Illegitimate son, 1 7 
Illusions, optical, 44-45 
Imaginary numbers, 89 90 
practical applications of, 89 
See also Complex numbers 
Impossibility of motion, 112-114 
Indians, 15 
Inequalities, 87 89 
Infinite classes, 110-112, 139- 

154, 189, 191 192, 220 
Infinite series, 112-125, 139, 199, 
231 

See also Series 
Infinite, the 

arithmetic of, 139 154 
in arithmetic, 1 10-125 
in geometry, 125-137 
in probability, 163 172 
paradoxes of, 1 10-154 
In-laws, 15—16, 17 
Inside and outside, 60-66 
Insufficient rcasonists, 172 -174 
Integer, least, 186 
Island and lake, 1-2 
Isosceles triangle, 91-95, 197-198, 
206 

Jewellery, 7 

Kasncr, E., iv, 231 
Keynes, J. M., 233 
Klein, F., 232 
Klein’s bottle, 65-66 
Knots, 68-70 


Konigsbcrg bridges, 61-63 
Kries, J. von, 233 

Laisant, M., 230 
Lake and island, 1-2 
Langford, C. H., 233 
Laplace, P. S., 156, 1S2 
Large finite numbers, 19-27, 111 
notation for, 21 
Laws, paradoxical, 16-17 
Lawyer’s suit, 185 
Leaf arrangement, 47-49 
Least integer, 186 
Leibnitz, G. W., 118 
Letters, chain, 23 
Lewis, C. I., 233 
Liars, 1, 184 

Lietzmann, W., 229, 230, 231, 
233, 234 

Life on Mars, 173-174 
Limiting curves, 12S-137 
Limit of a series, 113-125 
Lines 

non-parallel, 195-197 
parallel, 45 

points of, 149-153, 232 
points of, random choice of, 
163-165 

Line segments, unequal, arc equal, 

102-104 

Logarithmic series, 117, 120-123 
Logarithmic spiral, 50-52, 229 
Logarithms, 88-89, 207-208, 210, 
231 

Logical types, theory of, 188, 193 
Logic, paradoxes in, 183-194, 
233 

Loria, G., 234 

Map-colouring, 70-72 
Map, weird, 137-139 
Marbles, 157, 161, 165 
Mars, life on, 173-174 
Matches, piles of, 34-38 
Match game, 34-38 
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Mathematics 

foundations of, 192-194, 234 
Russell’s definition of, 4 
Maxima and minima, 206-207 
Mere, Chevalier de, 155 
Milk and water, 13-15 
Mind-reading tricks, 38-43, 229 
Minima and maxima, 206-207 
Missing penny, 13 
Misuse of axioms, 73-76, 81 
Mixture, milk and water, 13-15 
Mobius strip, 66-67, 229 
Moritz, R. E., 233 
Motion 

circular and straight-line, 60 
impossibility of, 112-114 
Zeno’s paradoxes, 112-116, 231 
Multiplication, binary, 33-34 

Natural numbers, 111-112 139- 
142, 144, 146 

Nephews and uncles, 17-18 
Newton, I., 118 

Nim, game of, 34-38, 229 

Nine, properties of, 41-43 

Non-parallel lines, 195-197 

Non-self-membered classes, 190- 
191 

Non-terminating decimals, 147- 
148, 152 

Northia and Southia, 8-9 
North Pole, 5-6 
Notation 

for large finite numbers, 21 
positional, 31-32, 39-40 
Numbers 

approximate, 21 
complex, 209-211 
See also imaginary 
defective, 30 
excessive, 30 
Fermat, 27-28, 30, 228 
imaginary, 89-90 

practical applications of, 89 
See also complex 


Numbers ( 1 Cont .) 
large finite, 19-27, 111 
notation for, 21 

natural, 111-112, 139-142, 144 
146 

perfect, 30, 228 

prime, 27-28, 30-31, 43, 165- 
166, 228 

random choice of, 166-168 
rational, 144-146, 232 
real, 147-152, 232 
theory of, 27-30 

transfinite, 142-154, 189, 192 
220-221, 232 

unequal, are equal, 74, 78-87 

90, 209-210 
Number systems 
binary, 31-38 
decimal, 32 
denary, 32-33 
duodecimal, 32 

One-sided surfaces, 65-67 

One-to-one correspondence, MO- 
153 

Optical illusions, 44-45 

Oscillating series, 118-120 

Ounces and pounds, 74 
Outside and inside, 60-66 

Paper 

stack of, 23-24 
strips, 66-69 

Parabola, 202-203 
Paradoxes 
algebraical, 73-90 
arithmetical, 6-13, 19-43, 110— 
125, 139-154 
definition of a, 2 
geometrical, 44-72, 91-109, 

125-137, 195-198, 199-202 
in analytical geometry, 202- 
204 

in calculus, 204-209 
in logic, 183-194, 233 



240 


INDEX 


Paradoxes ( Coni.) 

in probability, 155-182 
mathematical implications of, 

2-4, 189-194 
of the infinite, 110-154 
simple, 5-18 
topological, 60-72 
trigonoinet i ica 1, 197-199 
Parallel lines, 45 
Parallel postulate, 126-128 
Pascal, 13., 155, 232 
Path of quickest descent, 59 
Pathological curves, 131-137,231 
Pegs and discs, 24-25 
Penny, missing, 12-13 
Perfect numbers, 30, 228 
Perpendiculars 

from point to line, 95 96 
from point to plane, 108 109 
Piles of matches, 34 -38 
Plane in space, random choice of, 
171 

Plane, points of a, 151-153, 232 

Plane trip, 12 

Points 

col linear, 203-204 

of a line, 149-153, 232 

of a line, random choice of, 

163-165 

of a plane, 151-153, 232 
of a sphere, random choice of, 
171-172 

of intersection, curve of, 137- 
139 

Polygons, sequences of, 128-137 
Positional notation, 31—32, 39- 
40 

Postulate, parallel, 126-128 
Postulates, see Axioms 
Pounds and ounces, 74 
Powers of two, 21-38 
Predictions, weather, 174-175 
Pfihonsky, Fr., 231 
Prime numbers, 27-28, 30-31, 43, 
165-166, 228 


Probability 

fundamentals of, 156-159 
paradoxes in, 155-182 
practical applications of, 181- 
182 

the infinite in, 163-172 
Prod us, 234 
Prolate cycloid, 59-60 
Prophecy, world's end, 25 
Proportions, 78, 82-84 
properties of, 82 
Protagoras, 185, 188 
Public debt, size of, 21 
Pythagorean theorem, 101, 126, 
129 

Quadrilateral, 98-100 
Quickest descent, curve of, 58-59 
Quoit, 60, 71-72 

Rademachcr, H., 229 
Random choice 
of a chord in a circle, 169-171 
of a number, 166-168 
of a plane in space, 171 
of a point in a line, 163-165 
of points on a sphere, 171-172 
Rates, average, 10-12 
Ratio, 78, 81 84 
golden section, 49-51 
Rational numbers, 144-146, 232 
Real numbers, 147-152, 232 
Rearrangement of a series, 121- 

125 

Reasoning by analogy, 105-107 
Rectangle, golden section, 50-52 
Relationship, functional, 76-77 
Relationships, family, 15-18, 228 
Repeating decimals, 144 
Richard, J., 191, 192, 193, 234 
Riemann, G. F. B., 122, 231 
Rings, 7 

Rollers and slab, 53-55 
Rolling circles, 52-54, 56-60 
Rolling coins, 53 
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Rolling discs, 52-54, 56-60 
Rope trick, 69-70 
Roulette, 178-179 

Ruler and compass constructions 
29-30 

Rules, exceptions to, 184-185 
Russell, B., 4, 183, 188, 191, 192, 
193, 230, 233 

Russell’s definition of mathemat¬ 
ics, 4 

St. Petersburg, 175-178, 233 
Salaries, 8, 10 
Savings scheme, 23 
Section, golden, 49-51 
Seed arrangements, 51 
Self-membered classes, 190-191 
Sequences of polygons, 128-137 
Series 

absolutely convergent, 121-122 
alternating, 117 
convergent, 116-125 
divergent, 116-120 
Fibonacci, 45-52, 229 
harmonic, 116-117, 121 
infinite, 112-125, 139, 199, 

231 

limit of a, 116-125 
logarithmic, 117, 120-123 
oscillating, 118-120 
rearrangement of a, 121-125 
simply convergent, 121-122 
sum of a, 112-125 
Seventeen horses, 9-10 
Shelley, P. B., 228 
Sierpinski, W., 134, 136, 232 
Sign, double, in square root, 75, 
86-87 

Simple closed curve, 63 
Simple closed surface, 64 
Simple paradoxes, 5-18 
Simply convergent series, 121 — 
122 

Simultaneous equations, see Sys¬ 
tems of equations 
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Sines and cosines, 197-199 207- 
208 

Singh, A. N., 232 

Sisters and brothers, 15-18, 228 

Slab and rollers, 53-55 

Smith, D. E., 228, 232 

Snowflake curve, 132-134, 231 

Son, illegitimate, 17 

Sons and fathers, 1,15 

Space, plane of, random choice 
of, 171 

Speed, average, 10-12 
Sphere, 64 

points of, random choice of, 
171-172 

Spherical angles, 107-108 
Spherical triangles, 107-108 
Spiral, logarithmic, 50-52, 229 
Square, dissection of, 46-47 
Square root, double sign in, 75 
86-87 

Stackel, P., 230 
Stack of paper, 23-24 
Steinhaus, H., iv, 228, 229, 
230 

Step curve, 129-130 
Strips, paper, 66-69 
Subtraction, fallacious, 31 
Suit, lawyer’s, 185 
Sum of a series, 112-125 
Sunflower head, 51 
Surfaces 

bilateral, 66, 67 
one-sided, 65-67 
simple closed, 64 
two-sided, 66, 67 
unilateral, 65-67 
See also 
cylinder 
Klein’s bottle 
Mobius strip 
sphere 
torus 

Syllables, 186 

Symmetry, dvnamic, 52, 229 
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Systems of equations, 75, 85, 
210-211 

I ait, P. G., 08 

Theory 

of logical types, 188, 193 
of numbers, 27-30 

Throw ing dice, 39, 158 159, 175 
170 

I odium ter, I., 232 
Toeplitz, ()., 229 
Topological paradoxes, 00 72 
1 opologv 
nature of, 00 01 
practical applications of, 72 
Tortoise and Achilles, 114 110 
Torus, 71-72 

Tossing coins, 150 157, 100-161, 

175-178 

T ower of Hanoi, 24 20 
I rains 

express and slow, 13 
|>ai is moving backward, 59 
Transfinite numbers, 142 154, 
189, 192, 220 221. 232 
Trapezium, 104-105 
Travellers, 8 

Trends in mathematics, 192 -194 
234 

Triangles 

isosceles, 91-95, 197-198 

206 

spherical, 107-108 
Tricks 

coat and waistcoat, 70 
mind-reading, 38-43, 229 
rope, 09-70 


Trigonometrical paradoxes, 197 
199 
Trips 

bookworm's, 1 
car, 10-11 
plane, 12 

Two, powers of, 21-38 
T wo-sided surfaces, 66, 67 

T ncles and nephews, 17-18 
T nequal angles are equal, 96-98 
L nequal line segments are equal, 
102-104 

f nequal numbers are equal, 74, 
78 -87, 90, 209-210 
l nilateral surfaces, 65-67 
T nits, operations on 75 

Vicious circles, 183 -194 
Village barber, 185-186 
Volume 

and density, 168-169 
of revolution, 208-209 

W aiter, 8 

Water and milk, 13-15 
Weather predictions, 174-175 
Weaver, W., 229 
Wheat, grains of, 26-27 
Whitehead, A. N., 233 
White, W. T\, 230 
Widows and widowers, 16, 17 
World's end prophecy, 25 

Zeno, 110, 112, 114, 118, 231 
Zero, division by, 74, 78-81, 102— 
103 




